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Abstract

Covariance functions are the equivalent of covariance matrices for traits with many, potentially infinitely many,
records in which the covariances are defined as a function of age or time. They can be fitted for any source of
variation, e.g. genetic, permanent environment or phenotypic. A suitable family of functions for covariance functions
are orthogonal polynomials. These give the covariance between measurements at any two ages as a higher order
polynomial of the ages at recording. Polynomials can be fitted to full or reduced order. The former is equivalent to a
multivariate analysis estimating covariance components. A reduced order fit involves less parameters and smoothes
out differences in estimates of covariances. It gives predicted covariance matrices of rank equal to the order of fit.

The coefficients of covariance functions can be estimated by Restricted Maximum Likelihood through a reparam-
eterisation of existing algorithms to estimate covariance components. For a simple animal model with equal design
matrices for all traits, computational requirements to estimate covariance functions are proportional to the order of fit
for the genetic covariance function. Applications to simulated data and a set of beef cattle data are shown.
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Introduction

Often biological characteristics such as body size or growth are measured on the same individual(s) at various times or
ages. Such records are commonly referred to as longitudinal data. Potentially, there are infinitely many measurements
per individual, and these typically are highly correlated. In some cases, they are treated as repeated records of the
same trait, but more generally measurements at different ages are considered to represent different traits.

In many instances, the assumption of a univariate (‘repeatability’) model clearly does not hold whilst, on the other
hand, a ‘full’ multivariate model with the number of traits equal to the number of ages (or equivalent) would result in

a highly overparameterised analysis. This would be likely to impose unnecessary computational demands, give rise to
problems associated with estimation at the bounds of the parameter space, and yield estimates with greatly increased
sampling errors, especially in the context of variance component estimation. Hence the model which fits the least
number of traits and describes the data adequately needs to be determined.

This paper reviews how a ‘reduced’ multivariate model can be identified usingaveriance functiormodel of
Kirkpatrick and Heckman (1989), shows how it can be fitted in a Restricted Maximum Likelihood (REML) estimation
framework, and demonstrates its application for simulated data and weight records of beef cattle.

Modelling ‘repeated’ records

‘Repeated’ measures are common to a wide range of applied statistics, for instance the analysis of growth curves, time
series and spatial variation. Different approaches, terminology and models applied to such data are reviewed in detail
by Lindsey (1993), who also gives an extensive bibliography.

Conside individuals and potential measurements. Without any assumptions about the structure of the (phenotypic)
covariance of the observations, i.e., treating each record as a separate traitf {t hak) /2 parameters. To fit such an
unstructured multivariatenodel in practical applications which require variance components to be estitased]ly

has to be small and to be comparatively large for analyses to be feasible and estimates to be sufficiently accurate.
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In other cases, the number of parameters fitted is reduced by incorporating a speeifiance structureA typical

example is the analysis of time series. For a stationary series, for instance, the covariance between two measurements
is assumed to depend on the time lag between them via the so-called auto-covariance function. This can reduce the
number of parameters considerably, especially for equally spaced observations. In some cases, a further reduction
can be achieved by adopting a parametric model for the auto-covariance function, such as an exponential function
(Diggle, 1990). In the animal breeding context, Waadeal. (1993), for instance, considered the application of an
auto-regressive fnctionto dairy cattle data.

In general, the objective is to fit a model with the least number of parameters which adequately describes the data. In
the simplest case, all records are assumed to be measurements of the sainie 1jailr( the animal breeding context,

this is the so-called repeatability model. It implies genetic correlations of unity, i.e. that all genetic variances and
covariances are of the same magnitude. Similarly, all phenotypic variances are considered identical, and phenotypic
correlations and covariances among all measurements are assumed to be the same. Many of the models fitted when
analysing repeated records invoke this model, often teamed with some correction(s) for trends (which in turn create a
covariance structure among the corrected records). For example, Ptak and Schaeffer (1993) treat daily production of
dairy cows throughout lactation as the same trait, adjusting for the shape of the lactation curve by fitting higher order
regressions on stage of lactation and functions thereof.

Both imposing a structure on the covariance matrices and adjusting for differences in time or age at recording (or any
other meta-meter, e.g. distance) require prior assumptions, e.g. about the number of different traits represented by
the repeated measurements or the shape of time trends. In some instances, however, we do not know the forms of
relationships between measurements involved or we are not prepared to decide on the numbea pfiwaiits

A common procedure to identify the number of independent combinations amonggettards is the use of an eigen-

value or a canonical decomposition (e.g. Grayhbill, 1969). Hayes and Hill (1980) applied this to genetic and phenotypic
covariance matrices. The latter procedure can be thought of as a linear transformation of the original measures to new
variables which are genetically and phenotypically uncorrelated, have unit phenotypic variance and heritabilities equal
to the resulting eigenvalues. For highly correlated measures, there are typically a number of eigenvalues close to zero,
i.e., the genetic information supplied by theneasurements is almost entirely contained bykthieear combinations
corresponding to th& largest eigenvalues. In other words, we can represerit tegeated’ records b ‘traits’.

This approach has been used, for instance, by Wiggaat (1996) to identify 5 ‘canonical traits’ describing dairy
production for milk, fat and protein yields at 10 individual days of lactation and thus to reduce the number of traits in

a multivariate genetic evaluation model dramatically (from 30 to 5).

Application of the linear transformation(s) to create the reduced number of new variables is equivalent to assuming a
genetic covariance matrix (of ordgrof reduced rankk). This can be obtained simply by setting the small eigenvalues
identified equal to zero and pre- and postmultiplying the resulting diagonal matrix with the matrix of corresponding
eigenvectors and its transpose. Note that this approach is invariant to the ordering of records (ades).1Fall

genetic correlations are assumed to be unity but differences in variability bf¢icerds are preserved.

Covariance functions

An alternative, based on fitting a set loforthogonal functions to a given covariance matrix (of orgelnas been
described recently by Kirkpatrickt al. (1990 and 1994) in the context of estimating covariance functions for (po-
tentially) infinite-dimensional characters. In essence, a covariance function (CF) is merely the infinite-dimensional
equivalent to a covariance matrix for a given number of records taken at different ages. It gives the covariance be-
tween any two records measured at given ages as a function of the ages and some coefficients. Theoretically, there
are infinitely many coefficients, but in practice a limited number (ufftte- 1) /2 for t ages) is estimated to provide

an estimate of the CF. A suitable family of functions to describe CF are orthogonal polynomials. This applies to any
type of covariance matrix, genetic, environmental or phenotypic. Like the corresponding covariance matrices, CFs are
additive, i.e., assuming random effects are uncorrelated, the phenotypic CF can be estimated as the sum of its causal
CFs (Kirkpatrick and Heckman, 1989).

Let X denote the covariance matrix for observations afjes, andp the matrix of orthogonal polynomial functions
evaluated at the given ages with elemeqis= @j(a;), the j—th polynomial evaluated for age The covariance



between records taken at adesdmis then
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where7 with factorstjj is the CFk is the order of fitK with elements;; is the matrix of coefficients of the CF

anday, is them—th age, standardised to the interval for which the polynomials are defined. Kirkpetratk(1990

and 1994) use the so-called Legendre polynomials (see Abramowitz and Stegun, 1965; p.798) which span the interval
from —1 to 1. Note that (1) includes a scalar term, i.e., that an order of Kifrodludes functions of ages to the power
Otok—1.

Assuming a full-order polynomial fitk(= t), the observed covariance matrix can be rewritten as

3 = oK )
i.e,K can be estimated as

K = o 15(oly (3)

(Kirkpatrick et al., 1990). For a reduced ordek £ t) fit, ® has onlyk columns and, correspondingly, the number
coefficients to be estimated is reducedtto+ 1) /2. As® is then rectangular and does not have an inverse, Kirkpatrick
etal.(1990 and 1994) suggest a weighted least-squares procedure to ektiim#tes case. The authors give a step-by
step procedural guide and a detailed worked example.

Once areduced fit matrix of coefficients has been estimated, it can be used to obtain a modified covarian&e matrix,
among the observations, using (1). FurthermofE,can be used to interpolate, i.e. calculate the covariance for any
two ages in the range for which it has been estimated, including those for which we do not have records.

Kirkpatrick et al. (1990) illustrate this for the additive genetic covariance matrix of body weights in mice at 2, 3 and 4
weeks of age reported by Riskaal. (1984),

5223 8080 6647
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On the standardised scale, these ages-dr® and 1. This gives the matrix of Legendre polynomials evaluated for
k=0,1,2

®(-1) @(-1) @(-1) 0.707 —1225 1581
o=| @0 @0 @0 |= [ 0.707 0 —0.791 ®)
w1 @l 1) 0707 1225 1581

From (3), the estimated coefficient matrix is

665 243 -140
—1120 -14.0 145

13480 665 —1120
K = (6)

and the corresponding covariance functionsig,a;) = 8080+ 71.2(a; + a;) + 36.4aa; — 40.7(aa; + aaajz) -
2150(a2 + alz) + 8],6a1-2aj2 (Kirkpatrick et al,, 1990). Assume now, we want to obtain the covariance between weight-
s at 3 and 3.5 weeks of age. On the standardised scale this is equa © anda; = 0.5, and the covariance is
8080+ 71.2 x 0.5— 2150 x 0.52 = 7899. Similarly, S gives the variance at 3.5 weeks as 775

The scheme outlined above is Kirkpatriekal.s (1990) method of symmetric coefficients. Kirkpatriekal.(1994)

describe an asymmetric coefficients approach, the main difference in procedure being that only the eleKients of
above and including the anti-diagonal are assumed to be non-zero and estimated, which leads to somewhat different
properties of the estimated CF. The authors argue that it is often better behaved than the symmetric approach, resulting
in less ‘wiggly’ functions by eliminating the product of twi& — 1) — th order polynomials.



For the symmetridk, reducing the order of fit by one has a similar effect to setting an eigenvalue to zero, i.e., it
reduces the rank of the matrix by one (but this does not hold in the asymmetric approach). In contrast to the canonical
decomposition, however, the CF approach explicitly accounts for the ordering of records and spacing of ages. For
k =1, all (co)variances are equal, which implies that all correlations are unity.

Kirkpatrick and Heckman (1989) list three advantages of the CF model over the ‘traditional’ multivariate, ‘finite-
dimensional’ approach.

Firstly, it produces a description at every point along the continuous (time) scale of measurement. This allows for easy
interpolation between the ages at which recording took place. Often we are interested in genetic parameter estimates
at certain target ages while the data available spans a range of ages at recording. Using the CF approach, each record
can be used at its actual age rather than having to correct for age differences, e.g. by fitting age as a covariable. As
emphasized above, no restrictions on the form of the growth curve (or equivalent) are required for this, and we can
obtain estimates for covariances for ages for which there are no observations.

Secondly, CFs allow a more accurate prediction of response to selection. Each CF has a set of associated eigenvalues
and eigenfunctionsthe latter being the infinite-dimensional analogues to the eigenvectors of a covariance matrix.
These provide valuable information on the directions in which mean growth curves (or equivalent) are likely to change
most rapidly under selection pressure because they exhibit most genetic variation. Moreover, the CF model allows
the estimation of a continuous selection gradient function which describes the change in means due to a generation of
selection; see Kirkpatrick and Heckman (1989) and Kirkpateichl. (1990) for further details.

Finally, the infinite-dimensional approach is likely to make more efficient use of the data. While the eigenvalues and
-vectors of estimated covariances are expected to asymptote to the eigenvalues and -functions of the corresponding CF
as more and more discrete ages (traits) are included in the analysis, Kirkpatrick and Heckman (1989) demonstrated in

a simulation study quicker convergence for the CF model. Fitting polynomials only to the minimum order required to
describe the data adequately, ensures that no unnecessary parameters are estimated, thus minimising sampling errors
and reducing strong negative sampling correlations. Kirkpattchl. (1990) describe? test procedures to estab-

lish whether a reduced rank covariance matrix (derived from a reduced order fit CF) is consistent with the observed
covariance matrix, and to test the hypothesis that one or more of the eigenvalues of the estimated CF are zero.

REML estimation

As discussed so far, both the canonical decomposition and the CF model required that estimates of the covariance
matrices among records at thebserved ages were available. In practice, it would be preferable to estimate reduced
rank covariance matrices directly from the data. Moreover, it would be desirable to do so sequentially, stopping when
the data have been modelled adequately with the least number of parameters. This can be done readily within a
maximum likelihood framework.

The canonical decomposition has been used in REML algorithms to estimate covariance matrices when design matri-
ces were equal for all traits in order to reduce computational requirements, effectively carrying-oatiate analysis

int corresponding univariate steps (Meyer, 1985 and 1991). Meyer (1991) used a reparameterisation — estimating the
eigenvalues and eigenvectors of the canonical decompostion of the genetic and residual covariance matrices instead of
the covariance components — to carry out a simple animal model analysis efficiently using a derivative-free REML
algorithm. This resulted in a ‘full order’ fit, i.e. attempted to estimaté aljenvalues simultaneously.

However, it can be adapted to a reduced order fit' simply by fixing a number of eigenvalues at zero and maximising
the likelihood with respect to the remaining parameters only. This can be done successively. As the canonical decom-
position does not use the ordering of traits, fittkhgigenvalues always estimates thiargest values. Moreover, it

gives a likelihood ratio test criterion as a by-product : the minimum reduced order fit is reached when allowing for an
additional non-zero eigenvalue does not cause a significant increase in likelihood.

Model of analysis
Let
y=Xb+Zu+e @)

denote the multivariate linear model of analysis, withb, u ande the vectors of observations, fixed effects, random
effects and residual errors, respectively, ahdndZ the incidence matrices pertaining boandu. For an animal



model, u always includes the vector of animals’ additive genetic effeajs dnd may contain additional random
effects, for instance, animals’ maternal genetic effects, and permanent or common environmental effects such as litter
effects in multiparous species.

Further, letV(u) = G, V(e) = R andCovu,€) =0, so thatV(y) =V = ZGZ’' + R. Assume a multivariate normal
distribution, i.e.y ~ N(Xb,V). Let there be different ages measured per animal, with single records per age. For
simplicity, consider a basic animal model with animals’ additive genetic effects the only random effects fitted, i.e.,
u=a, and assume all individuals have records for all ages.

Let Za = {oa; } andZg = {0og; } denote thet x t matrices of additive genetic and residual covariances between
measurements. This giv&s= A x > whereA is the numerator relationship matrix ahd denotes the direct matrix
product. Similarly, assumingis ordered according to ages within anim&tss- |y x Zg with |y an identity matrix of
sizeN, i.e. the residual covariance matrix is blockdiagonal for animals.

The REML (log) likelihood (log) is then

1
logL = -5 [const+NIn|Zg|+Naln|Za| +tIn|A|+In|C|+Y'Py] (8)
whereNjy is the total number of animals in the analysis, including any parents without re€didshe coefficient
matrix in the mixed model equations (MME) pertaining to (7) (or a full rank submatrix thereof? &d matrix,

P=V-1_v-IX(X'vV-IX) x'v-1 9)

REML estimates of the (co)variance components to be estimated are obtained by maximising (8) with respect to the
t(t+ 1) distinct elements of the symmetric matrices and Zg, using any suitable optimisation procedure. For this
purpose, InA| is a constant and can be omitted. Commonly, a derivative-free search has been used for such animal
model analyses (Meyer, 1991), but recently algorithms using derivatives of the likelihood have become available
(e.g. Meyer and Smith, 1996). In particular, the so-called “average information” procedure outlined by Johnson and
Thompson (1995) for univariate analyses appears to perform well.

Reparameterisation

The multivariate, “finite-dimensional” REML analysis can be adapted to the estimation of CFs or, more precisely
their coefficient matrices, through a simple reparameterisation. 4.ahd E denote the covariance functions of
additive genetic and residual errors with coefficients maticgandK g, respectively. From (2554 = ®K D' and

e = OKed, i.e, the likelihood (8) can be rewritten as a function of the coefficient matrices

1
logL = —é[const+NIn|KE|+NAIn|KA|+In|C\+y’Py
(N +Na) In 0| +tIn|A[] (10)

and REML estimates of the distinct (method of symmetric coefficients) or non-zero (method of asymmetric coeffi-
cients) elements df o andKg can be obtained by maximising (10) as above. The last two terms in (18), &md
In|®d’'|, do not depend on the parameters to be estimated and can be omitted in determining the maximum of log

This accommodates both a full and reduced order fit. Moreover, polynomials of different order can be figtehtbr
Z, respectively. In that cas@ has different numbers of columnis(andkg), i.e. the constan{N +Na) In|®d’|, in
(10), needs to be replaced b In|Pp P, | + NIn|Dedg|.

Alternatively, a reduced order fit can be implemented by considering matKige& g and @ to be of sizet x t

but fixing the elements of rows and columnstof and Kg corresponding to higher order coefficients not fitted
(ka+1,...,t andke +1,...,t, respectively) at zero and maximising the conditional likelihood with respect to the
remaining (ka(ka + 1) + ke (ke + 1)) /2 coefficients (considering the non-zero submatrice& gfand Kg only in
calculating INK 4| and In|[Kg|). In this framework, the reparameterisation can also be thought of as a transformation
of the data toy* = (@1 x I)y. Reducing the order of polynomial fit is then equivalent to assuming that the variables
on the new scale corresponding to the omitted eigenvalues have variance zero.

Measurement errors



Usually, records are assumed to be affected by both permanent and temporary environmental effects. The latter are
often assumed to be uncorrelated or even identically distributed and then called measurement errors or, in the analysis
of time series, ‘white noise’. Alternatively, we might consider temporary environmental effects to represent a certain
random process with a corresponding structured, non-diagonal covariance matrix. For instance, a stationary time series
would result in ‘auto-correlated’ errors, records separated by a time lagssfumed to have a correlation amongst
temporary environmental errors pf (wherep is the auto-correlation).

Let € denote the vector of temporary environmental effects pertainiggitith covariance matrixy x ¢, and>g =

{0OR; } the matrix of permanent environmental covariances. Unless animals are measured repeatedly for the same
traits (ages) and a corresponding permanent environmental effecincluded in the model of analysis=r 4 € and

> = Zr+ g, i.e. under the ‘finite’ model we cannot disentangle permanent and temporary environmental variation
when estimating (co)variance components.

This can be done indirectly, however, using the CF model. Kirkpastckl. (1994) describe how to correct for the

bias in the diagonal elements of the estimated phenotypic (or residual) covariance matrix due to measurement errors.
In essence, this involves extrapolating to the diagonals after the coefficients of the CF have been estimated using only
the off-diagonals of the estimated phenotypic (or residual) covariance matrikages, it implies that the maximum

order of fit for the CF ig — 1 rather thart. The authors illustrate the procedure for their method of asymmetric
coefficients, considering the example of test day records for milk yield of dairy cows.

This can be implemented analogously in the REML framework by fitting a CF for the permanent environmental effects
due to the individual® , together with explicit measurement errors rather than a CF for residbialdssume that
temporary environmental effects are independent but allow for differences in variability, i.Eg,:Btag{cg} for
i=1,...,t. Replacingzg by Sg+Z; and rewritingZr as®K r®’ then gives

1 .
logL = —E[const+NIn|¢KRCD’+D|ag{0§i}}+NA|”|KA|+In|C‘+y/Py

+NaIn|®d'| +tIn|A|] (11)

whereKg is the matrix of coefficients pertaining ®.

As for Kirkpatrick et al's (1994) least-squares procedure, the maximum order of fiRfor (11) ist — 1 rather thar.

In fact, fitting £ to the ordett and fitting R to the ordet — 1 together witht independent measurement errors yields
equivalent models, with the same number of parameters used to described permanent and temporary environmental
variation and the same likelihood. More generally, (11) tlagka + 1) + kr(kr + 1)) /2 +t) parameters, at least

t+2 and at most(t + 1), with ka <t andkg < t denoting the order of fit for1 and R, respectively. Fitting both

A4 and R to a reduced order then implies that on thé scale’ (see above) the corresponding number of ‘traits’ has
phenotypic variance equal to measurement errors only. This allows for a reduced order fit for environmental effects
while ‘preserving’ the phenotypic variance for all traits, thus making likelihoods for different orders of fit directly
comparable.

Maximum likelihood estimation of covariance functions

General case Calculation of the REML log likelihood for the multivariate “finite-dimensional” case has been con-
sidered in detail by Meyer (1991). This involves setting up and factoring a mdtrithe coefficicient matrix of the

MME pertaining to (7) augmented by the vector of right hand sides and its transpose and a quadratic in the data, to
evaluate IfC| andy’Py. Since a given coefficient matrik yields, for given®, a unique estimate of the correspond-

ing covariance matrix for the measurements involved, the same procedure can be used to evaluate (11). For each
likelihood evaluationZa andZg are simply calculated a®K o®" and®K g®’ + 5 before logr is calculated on the
‘variance component’ scale.

Canonical scale For the special case of a simple animal model with equal design matrices for all traits, Meyer (1991)
showed that log. can be determined trait by trait, exploiting a transformation to canonical scal. £dt x Xg and
Z =l x Zo. ForZp positive semi-definite anBg positive definite, there exists a matfxsuch that

QZaQ' =A



and
QZeQ =1

(e.g. Grayhill, 1969), whera is a diagonal matrix with elemenks > 0 which are the eigenvalues b ~1/25,5¢ ~1/2.
Transforming the data to ‘canonical’ variables

y = (QxIn)y

then yieldg new traits which are uncorrelated and have unit error variances. This makes the corresponding coefficient
matrix of the MME block diagonal for traits, and the factorisation of thevariate matrixM can be carried out by
factoringt univariate matrices

X6X0 X6Zo X6y|*
Mi=| ZXo ZhZo+A A1 Xy (12)
Yi Xo yi Xo Yiyi

wherey; is the subvector of* for thei—th trait. This yields terms IfC| andyi*' Py, and (8) can be rewritten as
1 t t | t , ‘
logL = —Z|Na y InAi+Y In|CH+S yi Py +tin|A]
2 |, Mg NG 2 VR
+ (N —r(Xo)) In|Zg]| (13)

see Meyer (1991) for further details.

The number of non-zero elements/pis equal to the number of non-zero eigenvalues, or the ralg oHence, for

the method of symmetric coefficients, fittingto reduced ordeka implies thatt — ks eigenvalues\; are zero. For

Ai =0, In|C{| reduces to I¢X6Xo|, i.e., is a constant which needs to be evaluated only once per analysis. Similarly,
for Aj =0,

yiPryE =y Poyr = yi (In—Xo(XbX0) " Xb) Vi (14)

which depends on the canonical transformation only. For each likelihood evaluation, it can be evaluated as a linear
combination of the corresponding residual sums of squares and crossproducts on the original scale

t ot
Yi Poyi =5 Y GikimYkPoym (15)
k=1m=1

where gxm denotes th&km-th element ofQ. Again, termsy, Poym need to be determined only once per analysis.
Effectively, this makes the computational requirements for each likelihood evaluationréits in the equal design
matrix case proportional to that f&g corresponding univariate analyses.

Maximising log £ The likelihood can then be maximised with respect to the elemenisapKg and Z¢ using

a simple derivative-free search strategy such as Nelder and Mead'’s (1965) simplex procedure or Powell’'s (1965)
method of conjugate directions, or a Quasi-Newton algorithm which approximates both first and second derivatives of
the likelihood (Meyer, 1989). Carrying out a constrained maximisation which forces the estimated coefficient matrices
(K) to be positive (semi-) definite then ensures,doof full rank, that the estimated covariance functions are positive
(semi-) definite (Grayhbill, 1969), eliminating the major drawback of Kirkpatethl.s (1990) weighted least-squares
procedure.

While derivative-free algorithms are simple to implement and easy to use, they have been shown to be slow to converge,
especially for analyses involving multiple traits> 4) and thus a high-dimensional search. In that case algorithms
using derivatives of the likelihood are preferable. Such procedures have been described recently for the estimation of
(co)variance components fitting a multivariate animal model (Jeesah 1996; Madseret al, 1994; Meyer, 1994;

Meyer and Smith, 1996). They can be adapted to the estimation of covariance functions in the same way as described



above for a derivative-free algorithm. In essence, only a simple reparameterisation is required — the likelihood and its
derivatives can, as before, be calculated on the variance component scale. Derivatives with respect to the parameters
of the covariance function model can then be obtained as linear combinations of those with respect to the variance
components, and then be used in a Newton type estimation procedure. Details are not within the scope of this paper;
see Meyer (1996) for a description of an ‘average information’ REML algorithm to estimate covariance functions.

Extension to other models

Missing records and additional random effects For simplicity, only the simplest scenario of an animal model
without any additional random effects and equal design matrices for all traits has been considered so far. As shown,
there are simplifications for this case which make computational requirements proportional to a function of the order
of fit for the genetic CF. The methodology presented, however, is by no means restricted to this case and extends
readily to a general multivariate linear model. Albeit, computational effort required for this is generally a function of
the number of ages measurédsather than the order of polynomial fit of the CFs.

For models with additional random effects, such as (uncorrelated) maternal genetic or permanent environmental ef-
fects, a covariance function for each of the effects can be fitted analogously to that for animals’ additive genetic effects.
Instead of the covariances between ages for this effect, the coefficients of the corresponding CF are then estimated. As
emphasized above, lagcan be calculated on the variance component scale. For missing records, diagonal blocks of

R are submatrices &fg, andNIn|Zg| in (8) is replaced by summing corresponding terigln |Zg"|, for the various
combinations of traits recorded; see Meyer (1991) for detalils.

Calculation of logZ then requires setting up and factoring thevariate mixed model matrik . For larget this may

impose considerable computational demands. For this, the inverses of all covariance matrices due to random effects,
>t for T =AE,..., are needed. Conceptually, a reduced fit for anyZimplies that the corresponding covariance

matrix 2t has one or several eigenvalues equal to zero. In practice, however, these are set to an operational zero
to avoid a generalised inverse with a number of rows and columns ‘zeroed out’, resulting in a numerically full rank
inverse. This implies that regardless of the order of fit for any CFs, the work required to factdren there are

missing records or additional random effects is proportional to

Correlated measurement errors Extensions to other models can be perceived. For instance, the assumption of a
diagonalz¢ with t distinct elements may not be appropriate, in particular for traits measured at short time intervals,
e.g. daily feed intake of animals. Instead we might assume that the measurement errors represent a stationary time
series and thaX; is a Toeplitz matrix, i.e can be represented by only two parameters, namely the error vagiande

the auto-correlatiop (Graybill, 1969).

Multivariate covariance functions In some cases, it might be desired to fit more than one covariance function

for some cause of variation or a covariance matrix because measurements taken clearly represent different characters
or physiological processes . Examples are data for weight and feed intake at different ages or milk, fat and protein
yield for daily production of dairy cows, or direct and maternal genetic effects for the same trait which are correlated.

In other instances, we might have different meta-meters (e.g. age, distance, production level) for different traits.
We then need to fit a CF to describe the variation across ‘repeated’ records for each trait, and to estimate “cross-
covariance functions” which model the covariation between traits over time, in other words a multivariate CF. This
can be accommodated in the above framework by a slightly different reparameterisation.

Let records fomn traits be ordered according to age (or time) within trait, apdlenote the submatrix af (standing
in turn forZa, 2R, etc.) for thei—th andj—th trait. Z can then be rewritten as (see (2))

S11 - Zin ® - 0 Kii - Kin ® - 0
S b Lo (16)
Sai 0 Znn 0 - b, Km - Kpn 0o - @
where a diagonal bloctp; is the matrix®d for thei—th trait as described above for ‘univariate’ CFs, For traits with the

same meta-meter (e.9. measured at the same tipe)e identical. This giveg;; = quKiqu’]-, i.e.,n(n+1)/2 CFs
and their coefficient matrices have to be estimated for each covariance atrix



Table 1 : REML estimates of the coefficients of the genetic covariance fundaj, the resulting covariance function
() and the resulting genetic covarian&g ) matrix Kirkpatricket al’s (1990) example, assuming a data set consisting
of records for 1000 half-sib families of size 5 and simulating a measurement error of 500.

Fit2 Element
11 12 13 22 23 33
Ka 1 1047.1
2 1120.9 75.8 68.1
3 1348.4 66.4 -111.8 24.2 -14.0 14(6
a° 1 523.6
324.0
2 560.5 65.6 102.0
312.2 -11.9 24.5
3 808.3 71.1 -214.9 36.3 -40.7 820
808.0 71.2 -215.0 36.4 -40.7 816
2a 1 523.6 523.6 523.6 523.6 523.6 523.6
2 531.2 4948 458.4 560.5 626.1 793.8
3 436.1 5224 4242 808.3 664.6 557.8

a0rder of polynomial fit fora
bFirst line : REML estimates, second line (in italic) : Kirkpatriekal’s (1990) weighted least squares estimates

Numerical Examples
Example 1 : Kirkpatrick’'s example

This section contrasts estimates of covariance functions obtained directly from the data by REML with estimates
obtained from an estimated covariance function using a least-squares approach, for the example given by Kirkpatrick
et al.(1990).

As shown above, the contribution of the data to fogs essentially a function of the sums of squares (SS) and
crossproducts (CP) in the data vector. For a given family structure, a 'deterministic’ simulation can be carried out
by calculating the SS/CP contributed by each family directly from the population values of covariances between traits.
The non-data part of lag then depends on the model of analysis and the assumed values for the parameters to be
estimated. Hence, varying these and maximising the resulting,lagaximum likelihood estimates for a given data
structure and population values under different models can be obtained. This is equivalent to sampling with many
replicates; see Meyer (1992) for an application and procedural detalils.

This technique was applied to the example of three body weights in mice given by Kirkpetradk(1990). It

was assumed that the genetic covariance matrix given was the matrix of population values, and that there were no
permanent environmental effects but that all traits were affected by measurement errors with variance 500. Data were
considered to have a simple, balanced paternal-half sib structure, consisting of 1000 sire families of size 5.

Estimates of the coefficient matrix of the genetic CF, the CF itself and the resulting genetic covariance matrix among
the 3 ages, fittingZ to the order 1, 2 and 3 are summarised in Table 1. While estimates for the full order fit agreed
closely with those of Kirkpatriclet al. (1990), REML estimates for a reduced fit are quite different from the weighted
least-squares estimates obtained by them. Presumably this is due in part to the fact that measurement errors as well
as additive genetic effects were considered at the same time. As shown in Table 2, estimates of the variances due to
measurement errors are biased for a reduced fit. In agreement with Kirkpettradls x2 test criterion, likelihood

values indicate that only the full fit CF describes the data adequately.

Example 2 : Repeatability model

This example shows estimates of covariance functions and corresponding log likelihoods for increasing orders of fit
on a simulated data set. In particular, the behaviour when overparameterising, i.e. fitting CFs to an order higher than
necessary, is examined.



Table 2 : REML log likelihoods (logL) together with estimates of measurement errofs @nd eigenvalues of the
additive genetic covariance functioRy() and resulting genetic covariance matrbg) for Kirkpatrick et al's (1990)

example, assuming a data set consisting of records for 1000 half-sib families of size 5 and simulating a measurement
error of 500.

Fit? : ka=1 ka =2 ka=3
logL | -58,159.95 -58,075.32 -58,032.54
0% 529.1 428.3 500.(
0z, 651.5 672.4 499.¢
0% 520.5 298.2 500.1
Aa1 1570.8 1698.7 1713.8
An2 0 186.8 82.2
Ans 0 0 6.3
Ak1 1047.2 1126.3 1361.1
Ak2 62.6 24.5
)\K3 1.6

2Q0rder of fit for genetic covariance function

Data for 4 multivariate normally distributed ‘traits’, measured at equally spaced ages, were simulated (single replicate)
for a repeatability model, i.e. assuming the population valueEf@ndzg were described by CFs of order 1, namely

A = 250 and®_ = 750 and allowing for measurement erran§ = 100. Records were generated for a balanced
hierarchical full-sib design with 1000 sires each mated to 3 dams and 2 progeny per family, i.e. 10,000 animals in
total (records available for both generations). These data were analysed as described above using a derivative-free
algorithm to maximise log, fitting CFsA4 and®_to the ordeika < kg = 1,2, 3 together with measurement errors and

fitting CFs4 andE for ka = 1,...,4 andkg = 4.

Estimates of elements of the coefficient matrices and measurement errors together with the maximum &elog
given in Table 3. Overall, estimates agree with the population values and are very consistent for the different orders
of fit. Note that forkg = 4, R () includes the measurement errors, and thus has a different expected value. While
estimates of linear and higher order coefficients were close to zero (other thép for a full order fit for residual,

k- = 4), likelihoods increased slightly with increasing order of polynomial fit.

Had analyses been performed sequentially, we would have stopped at fit 22, as estimating an extra 4 parameters
(compared to fit 11) only increased ldagby 0.77. In this and other simulations not shown, convergence of the
derivative-free algorithm used was slow and frequently unreliable with increasing numbers of parameters, in particular
when attempting to estimate higher order coefficients which had population values of zero. Note fthfatrlogders

of fit 31, 32 and 33 was expected to be the same as for 41, 42 and 43, respectively. Consistently somewhat lower
values for the former highlight the existence of convergence problems for these analyses.

Example 3 : Analysis of beef cattle data

This example gives an application of the covariance function model to a data set with missing records arising from
a selection experiment in beef cattle. In particular, the assumptions about the shape of the covariance functions for
different orders of fit are illustrated.

Mean January weights at two to six years of age for a total of 913 ‘Wokalup’ cows are given in Table 4. This is a
synthetic breed, part of a selection experiment in beef cattle, named after the research station of that name in Western
Australia. Records are a subset of the data considered by Meyer (1995) who, excluding weight at two years, treated
them as repeated measurements of mature weight, fitting either a repeatability model or a Gompertz growth curve for
each animal.

Covariance functions of increasing order were estimated for these data, fitting genetic and environmental CFs to the
same order throughoukd = kr = k). In addition, ‘finite-dimensional’ multivariate analyses were carried out using

an average information algorithm, which yielded approximate lower bound sampling errors of covariance component
estimates as a by-product. The model of analysis was a simple animal model, fitting year-paddock subclasses as the
only fixed effects. Including parents without records, there were a total of 1125 animals in the analysis.
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Table 3 : Estimates of coefficient matrices for covariance functions due to additive geK@tj¢ &nd permanent
environmentalKgij) (or residual) effects together with measurement errof3 &nd corresponding log likelihood.

Pop?| Fit1® Fit21 Fit22 Fit31 Fit32 Fit33 Fit4l Fit42 Fit43 Fit44
Ka11 500.0| 449.2 4492 4475 4487 4525 451.9448.7 448.1 453.4 4522
Kai2 -35 -3.4  -35 -35  -36 -1.3
Kaia -1.8 -1.8  -1.9
Kaia -1.9
Kaz2 0.2 02 0.2 03 03 05
Kaos 0.0 00 0.3
Kaoa -0.2
Kasa 0.3 03 04
Kaga -0.2
Kaaa 0.1
Kri1 1500.0 1568.9 1568.8 1570.2 1574.4 1571.7 15711%34.7 1635.9 1630.8 1631.2
Kri2 0.2 3.1 0.2 31 32 -15 15 16 -0.3
Kriz 34 -34 -18 -195 -195 -17.9 -17.8
Kria 12 12 1.2 27
Kro2 0.0 0.0 0.0 00 00 681 678 678 675
Krea 00 -00 -0 02 02 01 -01
Kroa -33.0 -33.0 -33.0 -328
Kra3 0.2 03 00 220 220 217 21p
Kraa 03 03 -03 -01
Kraa 279 279 279 278
o4 100.00 98.4 984 980 982 975 980 Not fitted
02, 100.00 979 980 980 975 974 972
0%, 100.00 955 9555 955 949 948 950
0%, 100.00 965 965 961 966 96.0 954
No. par.§ 6 8 10 11 13 16 11 13 16 20
log LY -102.24 -102.23 -101.47 -100.89 -100.07 -99.8D0.78 -99.83 -99.26 -98.71

@Population values

bOrder of fit of covariance functionskg ka
®No. of parameters fitted

djog likelihood + 138,400

Estimates of the coefficients of the genetic Z&nd the resulting genetic covariance matrix (‘regenerated’ for the ages

in the data) are summarised in Table 5. The re-generated covariance matrix for the full-okder3jt\yas expected

to agree with the estimate of the genetic covariance matrix from the conventional multivariate analysis. Some small
discrepancies exist in this case but they are well within the range of sampling errors, and, as discussed below, can be
attributed to convergence problems.

For five equally spaced ages, the standardised age for the middle value is zero, i.e. the estimate of the genetic variance
at 4 years of age is equal to the scalar terndin Suppose we want to determine the genetic covariance between
weight at ages 4.5 years and 5.5 years. On the standardised scale-{fhtmé) these are equal toZb and 075,
respectively. Fok = 3, this gives the covariance as (see (1))

18158 4240 —4315 1
[1 0.25 0252] 4240 1820 -—-1216 0.75 | =19864
—4315 -1216 1410 0.7%

Table 6 gives the corresponding eigenvalues of the CFs fitted, estimates of measurement error and phenotypic vari-
ances, and log. Clearly, a simple repeatability model does not describe the data adequately, while augmenting the
order of fit from 2 to 3 (estimating 6 additional parameters) increased logly by 5.22 compared to a value of

x%_s% = 18.31. Although logt did not increase significantly aboke= 2, estimated covariance matrices, variances

and eigenvalues of the CFs were very similar only flos 3 onwards.
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Table 4 : January weights of Wokalup cows at 2 to 6 years of age.

Age (years) 2 3 4 5 6
No. records| 808 662 513 440 372
Mean (kg) | 447.5 522.2 584.0 611.9 625/7
SD? (kg) 57.3 70.7 718 725 74.0

aStandard Deviation

Table 5 : Estimates of the coefficients of the genetic covariance functiand the resulting genetic covariancesg()
for increasing order of polynomial fik}, together with corresponding estimates of covariance components and their
approximate sampling errors (s.e.) from ‘finite-dimensional’, multivariate analyses (Cov).

Coefficients of4 Genetic covariances

k=1 k=2 k=3 k=4 k=5|0p k=1 k=2 k=3 k=4 k=5 Covts.e.
0,0 884.9 1222.7 1815.8 1789.1 1828.31 885 736 672 691 695 67#4197
0,1 341.4 4240 291.3 289612 885 809 858 885 872 85246
0,2 -431.5 -393.7 -582/413 885 881 960 930 964 104296
0,3 173.9 1717 14 885 954 978 920 907 79290
0,4 179.1 15 885 1026 911 951 958 94814
1,1 196.4 182.0 3495 419.722 885 930 1261 1368 1347 12¥%61
1,2 -121.6 -144.2 -134)823 885 1052 1496 1523 1528 165953
1,3 -205.7 -275.4 24 885 1174 1563 1535 1496 13B355
1,4 -81.1 25 885 1295 1463 1587 1580 155304
2,2 141.0 136.9 232/833 885 1223 1816 1789 1829 22p643
2,3 -3.0 21.1 34 885 1393 1920 1858 1860 191356
2,4 -113.9 35 885 1564 1808 1861 1887 239607
3,3 250.1 317.2 44 885 1613 2048 1965 1946 172@91
3,4 -21.9 45 885 1833 1948 1932 1924 182654
4.4 117.5 55 885 2102 1881 1963 1966 198893

This can be seen more clearly in Figure 1 which shows the ‘surface’ of estimated genetic covariances for different
orders of fit. Fork = 1 (not shown), all covariances are equal. Graphically, that is a plane parallel to the base. For

k = 2, covariances are linear functions of the ages, resulting in a tilted plane. Including quadratic &geftiren

gives a parabolic surface. Considering culiie=(4) or quartic k = 5) terms in addition then adds a few creases to the
surface but does not change its shape dramatically. As expected for an estimate of the fifth eigentadfiearb,

surfaces fok = 4 andk = 5 are virtually indistinguishable. Figure 2 gives the corresponding plots for the phenotypic
covariances among the 5 ages. Surfaces are dominated by peaks for the variances, reflecting substantial variances due
to measurement errors. Again, there are few differences between pléts f8r

As above, there were some convergence problems : analyses fitting CFs to full order and conventional multivariate
analyses are expected to give the same covariance estimates @ndPlegumably this is due to the high dimension of
derivative-free search (30 parameters) in conjunction with the fact thitfat ork = 5 we are attempting to estimate
parameters which are not necessary to describe the data. Algorithms using derivatives of the likelihood may perform
better in this case.

Discussion

As shown, covariance functions enable us to model our data with the least number of parameters necessary. This

avoids problems associated with overparameterised models and makes efficient use of the data. Moreover, they allow

covariances between ages for which no records are available to be estimated. These should, however, be in the range
of ages covered by the data.

While conceptually able to cope with data coming in ‘at all ages’, practical problems remain for the covariance function

model in this case. As emphasized above, computational requirements generally increase with the number of observed
ages rather than the order fit of covariance functions estimated. It may then be necessary to make the grid of ages
coarser than desired, for instance years rather than months of age, possibly in conjunction with some adjustment for
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Table 6 : Estimates of eigenvalues of the genedg)(and residual or erroigg)) covariance function for weights of

Wokalup cows, together with estimates of measurement emd)said corresponding phenotypic variance$)(for
various orders of polynomial fiky = kr = k and multivariate analyses (Cov).

k=1 k=2 k=3 k=4 k=5 Covts.e?

A 1| 1770 2511 3170 3152 3128

2 66 50 86 92

3 6 8 8

4 2 1

5 0
ArE) 1| 1002 2149 1795 1739 2635

2 43 114 105 1291

3 1 37 991

4 1 120

5 53
o? 1| 547 547 496 472

2| 2118 2006 1968 1725

3| 1984 1694 1582 1613

4| 2201 1565 1573 1452

5| 2165 866 736 694
o3 1| 1933 1631 1628 1590 1599 1597127

2| 3504 3536 3774 3739 3643 366811

3| 3370 3915 4158 4158 4239 4324124

4| 3587 4721 4879 4626 4576 4586170

5| 3552 5202 4886 4902 5065 504%49
log LP -100.24 -16.03 -10.81 -7.08 -1.29 0
No. parm? 7 11 17 25 30 3@

aApproximate sampling error
blog likelihood, expressed as deviation from value from multivariate analysis
bNo. of parameters

age differences within age class in the model of analysis, e.g by fitting a covariable. While relinquishing some of the
advantages of the covariance function, namely that no prior assumptions about the nature of time trends are required,
this appears still preferable over more traditional growth curve type of analyses which necessitate assumptions about
the shape of the curve over the complete range of ages.

Recently, longitudinal records arising in the animal breeding context such as growth data in pigs (Andersen and
Pedersen, 1995) and test day records in dairy cattle (Schaeffer and Dekkers, 1994) have been modeled fitting a linear
model comprising random regression coefficients on time. It has been noted (M. Goddard, 1995 pers. comm.) that the
covariance function model is equivalent to a random regression model. Consider a simple regression model

Z =3 vixi+e (17)

wherez denotes an observation for theth individual,y; is thei—th regression coefficient angl is the corresponding
covariable forz, andg denotes the pertaining residual. Assume thhts been recorded at aggas above standard-
ised to the interval from-1 to 1). Further, let the—th covariable in (17) be equal to tiheth Legendre polynomial of
a,i.e.xy =@(a), fori =0,...,k—1. This gives

k-1
4= ;wn(a)w (18)

and for random regression coefficients

k—1k-1
Cov(z,zm) = Z) Xom(al)tpj (am)CoMYi, Yj) +cov@, em) (19)
i=0]=
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Figure 1 : Estimates of additive genetic covariance components for January weights of Wokalup cows at 2 to 6 years
of age, calculated from estimated covariance functions fitted to the krder
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Ignoring the error covariance, the right hand side of (19) clearly describes a covariance function (c.f. (1)) with
Covyi,yj) equal toK;;, theij—th element of the coefficient matrix of the CF. Further research is required to ex-
amine the utility of this equivalence for the estimation of CFs. In particular, it should enhance the scope for dealing
with data observed at many ages, as &ggression coefficients and thi{k+ 1) /2 covariances need to be estimated

for each source of variation in a univariate analysis.

Conclusions

Covariance functions can be estimated readily using maximum likelihood. In essence, this involves only a simple
reparameterisation of existing procedures to estimate covariance components. In contrast to the weighted least-squares
approach used by Kirkpatricét al. (1990 and 1994), it guarantees estimated CFs to be positive semi-definite. A
likelihood ratio test can be used to determine the minimum order of fit.

The covariance function model provides a useful alternative to the analyses of repeated records used to date. In
particular, it does not require amypriori assumptions about the number of different ‘traits’ represented by a series of
measurements or the shape of any trends. Moreover, the eigenvalues and eigenvectors of a CF have an interpretation
of their own, providing information on the directions in which mean growth trajectories are likely to change under
selection. Potentially they could be used to characterise or summarise differences between breeds or species for
sequentially measured ‘traits’ as growth.
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Figure 2 : Estimates of phenotypic covariances for January weights of Wokalup cows at 2 to 6 years of age, calculated
from estimated covariance functions fitted to the oldand estimates of measurement errors.
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