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Summary

A method is described to estimate genetic and environmental covariance functions for traits measured repeatedly
per individual along some continuous scale, such as time, directly from the data by Restricted Maximum Like-
lihood. It relies on the equivalence of a covariance function and a random regression model. By regressing on
random, orthogonal polynomials of the continuous scale variable, the coefficients of covariance functions can be
estimated as the covariances among the regression coefficients. A parameterisation is described which allows the
rank of estimated covariance matrices and functions to be restricted, thus facilitating a highly parsimonious de-
scription of the covariance structure. The procedure and the type of results which can be obtained are illustrated
with an application to mature weight records of beef cows.

Keywords : Covariance functions, genetic parameters, longitudinal data, restricted maximum likelihood, random
regression model

INTRODUCTION

Covariance functions have been recognised as a suitable alternative to the conventional multivariate mixed model
to describe genetic and phenotypic variation for longitudinal data, i.e., typically data with many, “repeated” mea-
surements per individual recorded over time. They are especially suited for traits which are changing with time
so that repeated measurements do not completely represent the same trait. The example considered here forth is
growth of an animal with weights taken at a number of ages, but the concept is readily applicable to other characters
and other continuous scales or ‘meta-meters’.

In essence, covariance functions are the “infinite-dimensional” equivalent to covariance matrices in a traditional,
“finite” multivariate analysis (Kirkpatricket al, 1990). As the name indicates, a covariance function (CF) describes
the covariance between records taken at certain ages as a function of these ages. A suitable function is a higher
order polynomial. This implies that when fitting a CF model, we need to estimate the coefficients of the polynomial
instead of the covariance components in a finite-dimensional analysis. The number of coefficients required is
determined by the order of fit of the polynomials.

A finite-dimensional, multivariate analysis is equivalent to “full fit” CF analysis where the order of fit is equal to the
number of ages measured, i.e. the covariance matrices for the ages in the data generated by the estimated CFs are
equal to the estimates that would have been obtained in a conventional, multivariate analysis. In practice, however,
a reduced order fit often suffices. This reduces the number of parameters to be estimated and thus sampling errors,
resulting in a smoothing of the estimated covariance structure.

Kirkpatrick et al (1990 and 1994) modelled CFs using orthogonal polynomials of age, choosing Legendre polyno-
mials. LetΣΣΣ denote a covariance matrix of sizeq×q, andΦΦΦ of sizeq×k the matrix of orthogonal polynomials
evaluated at the given ages with elementsφi j = φ j(ti), the j−th polynomial for thei−th ageti . The order of fit
of the CF is given byk≤ q. This allows the covariance matrix to be rewritten asΣΣΣ = ΦΦΦ KΦΦΦ ′ with K = {Ki j } a
matrix of coefficients, and gives CF

F (tm, tl ) =
k−1

∑
i=0

k−1

∑
j=0

φi(tm)φ j(tl )Ki j =
k−1

∑
i=0

k−1

∑
j=0

t i
mt j

l ωi j (1)
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Here, tm are the ages adjusted to the range for which the polynomial is defined. Lettm with elementst i
m for

i = 0, . . . ,k−1 denote the row vector of powers oftm andΛΛΛ the matrix of polynomial coefficients. This gives the
m−th row ofΦΦΦ asφφφ m = tmΛΛΛ . For instance fork = 3 and Legendre polynomials,

ΛΛΛ =


√

1/2 0 −
√

5/8
0

√
3/2 0

0 0
√

45/8


and

φφφ m =
[

0.7071 1.2247tm 2.3717t2
m−0.7906

]
Thus (1) can be rewritten asF (tm, tl ) = tmΛΛΛ KΛΛΛ ′t′l = tmΩΩΩ t′l , i.e. the coefficient matrixΩΩΩ with elementsωi j is
obtained fromK by including the terms of the polynomial chosen.

Kirkpatrick et al (1990) described a generalised least-squares procedure to determine the coefficients of a CF
from an estimated covariance matrix. Often, however, this is not available or computationally expensive to obtain.
Meyer and Hill (1997) showed that the coefficients of CFs can be estimated directly from the data by restricted
maximum likelihood (REML) through a simple reparameterisation of existing, ”finite-dimensional” multivariate
REML algorithms. For the special case of a simple animal model with equal design matrices computational
requirements were restricted to the order of fit of the genetic CF. In the general case, however, their approach
required a multivariate mixed model matrix proportional to the number of ages in the data to be set up and factored,
even for a reduced order fit. This severely limited practical applications, especially for data with records at ‘all
ages’.

Polynomial regressions have been used to describe the growth of animals for a long time (Wishart, 1938), but only
recently has there been interest in random regression (RR) models. These have by and large been ignored in animal
breeding applications so far, although they are common in other areas; see, for instance, Longford (1993) for a
general exposition. RRs in a linear mixed model context have been considered by Henderson (1982). Jennrich and
Schluchter (1986) included the ‘random coefficients’ model in their treatment of REML and maximum likelihood
estimation for unbalanced repeated measures models with structured covariance matrices. Recent applications
include the genetic evaluation of dairy cattle using test day records (Schaeffer and Dekkers, 1994; Jamrozik and
Schaeffer, 1997; Jamroziket al, 1997; Kettunenet al, 1997; Van der Werfet al, 1998), and the description of
growth curves in pigs (Andersen and Pedersen, 1996) and beef cattle (Varonaet al, 1997).

This paper describes an alternative procedure for the estimation of covariance functions to that proposed by Meyer
and Hill (1997), which overcomes the limitations discussed above. It is shown that the CF model is equivalent
to a RR model with polynomials of age as independent variables, and that REML estimates of the coefficients of
the CF can be obtained as covariances among the regression coefficients. A mechanism is described to restrict the
rank of the estimated covariance matrices (of regression coefficients) and thus the CFs, reducing the number of
parameters to be estimated. The method is illustrated with an application to beef cattle data.

ESTIMATION OF COVARIANCE FUNCTIONS

Model of analysis

Finite-dimensional model.Consider an animal model

yi j = F +ai j + r i j + εi j (2)

with yi j the observation for animali at time j, ai j andr i j the corresponding additive genetic and permanent envi-
ronmental effects due to the animal, respectively,εi j the measurement error (or temporary environmental effect)
pertaining toyi j , andF some fixed effects. Furthermore, letti j denote the age (or equivalent) at whichyi j is
recorded, and assume there areqi records for animali and a total ofq different ages in the data.

Commonly, under a ‘finite-dimensional’ model of analysis, data represented by (2) are analysed either assuming
measures at different ages are different traits, i.e. carrying out aq−dimensional, multivariate analysis, or fitting
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the so-called repeatability model, i.e. assumingai j = ai andr i j =i for all j = 1, . . . ,qi and carrying out a univariate
analysis. In the former, fully parametric case, covariance matrices are taken to be unstructured. Fitting a covariance
function model, however, we impose some structure on the covariance matrices. This implies the assumption that
the series of (up to)q measurements representsk different ‘traits’ or variates, with 1≤ k≤ q denoting the order of
fit of the covariance function.

Random regression model.As shown below, the covariance function model is equivalent to a ‘random regression’
model fitting functions of age (or equivalent) as covariables.

Kirkpatrick et al (1990 and 1994) used the well-known Legendre polynomials (see, for instance Abramowitz and
Stegun (1965)) in fitting covariance functions. These have a range of−1 to 1. Lett∗i j denote thej−th age for
animali standardised to this interval, and letφm(t∗i j ) be them−th Legendre polynomial evaluated fort∗i j . We can
then rewrite (2) as a RR model

yi j = F +
kA−1

∑
m=0

αimφm(t∗i j )+
kR−1

∑
m=0

γimφm(t∗i j )+ εi j (3)

with αim andγim representing them−th additive genetic and permanent environmentalrandom regressioncoeffi-
cients for animali, respectively, andkA andkR denoting the respective orders of fit.

This formulation (3) implies that the vector ofq breeding values in a ‘finite-dimensional’, multivariate analysis is
replaced by the vector ofkA additive genetic, random regression coefficients. Note, however, that withkA chosen
appropriately (i.e. the minimum order of fit modelling the data adequately), there is virtually no loss of information.
In other words, (3) can be employed as an effective tool to reduce the number of traits to be handled (and breeding
values to be reported) for ‘traits’ measured over a continuous time scale such as weights (e.g. birth, weaning,
yearling, final and mature weight) in beef cattle or test day records for dairy cows. Moreover, the RR model (3)
yields a description of the animal’s genetic potential for the complete time period considered, for instance, an
estimate of the growth or lactation curve.

Covariance structure.The covariance between two records for the same animal is then

Cov(yi j ,yi j ′) =
kA−1

∑
m=0

kA−1

∑
l=0

φm(t∗i j )φl (t∗i j ′)Cov(αim,αil )

+
kR−1

∑
m=0

kR−1

∑
l=0

φm(t∗i j )φl (t∗i j ′)Cov(γim,γil )+Cov(εi j ,εi j ′) (4)

Generally measurement errors are assumed to bei.i.d. with varianceσ2
ε , so thatCov(εi j ,εi j ′) = σ2

ε for j = j ′

and 0 otherwise, but other assumptions, such as heterogeneous variances or autoregressive errors, are readily
accommodated.

Clearly, the first two terms in (4) are CF with the covariances between random regression coefficients equal to the
coefficients of the corresponding covariance functions (Meyer and Hill, 1997), see (1) above, i.e. the RR model
is equivalent to a CF model. Conversely, the RR model provides an alternative strategy to estimate CFs. While
the REML algorithm described by Meyer and Hill (1997) required mixed model equations of size proportional to
the total number of agesq to be set up and factored in the general case, requirements under the equivalent random
regression model are proportional to the orders of fit,kA andkR. Hence, this approach offers considerably more
scope to handle data coming in ‘at all ages’ and should be especially advantageous forkA or kR� q.

Fixed effects. In fitting a RR model it is generally assumed that systematic differences in age are taken into account
by the fixed effects in the model of analysis. In most cases, these include a fixed regression of the same form
as the random regression (e.g. Jennrich and Schluchter, 1986; Henderson, 1982, Jamroziket al, 1997), which
can be thought of as modelling the population trajectory, while the random regressions for each animal represent
individuals’ deviations from this curve.

REML estimation

Considering all animals, (3) can be written in matrix form as

y = Xb +Z∗ααα +Z∗Dγγγ +εεε (5)
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with y the vector ofN observations measured onND animals,b the vector of fixed effects,ααα the vector ofkA×NA

additive-genetic random regression coefficients (NA≥ND denoting the total number of animals in the analysis, in-
cluding parents without records),γγγ the vector ofkR×ND permanent environmental random regression coefficients,
εεε the vector ofN measurement errors, andX, Z∗ andZ∗D denoting the corresponding ‘design’ matrices.

HereZ∗D is the non-zero part ofZ∗ (for kA = kR), i.e. the part ofZ∗ corresponding to animals in the data. The
superscript ‘*’ marks matrices incorporating orthogonal polynomial coefficients. Assumingy is ordered for an-
imals, Z∗D is blockdiagonal, the block for animali is of dimensionqi × kR, and has elementsφm(t∗i j ). Note that
each observation gives rise tokR (or kA for Z∗) non-zero elements rather than a single element of 1 in the usual,
finite-dimensional model, i.e. the design matrices are considerably denser than in the latter case.

Let KA with elementsKAml =Cov(αm,αl ) andKR with elementsKRml =Cov(γm,γl ) denote the coefficient matrices
for the additive genetic and permanent environmental covariance functionsA andR , respectively. In terms of
analysis, this is analogous to treating RR coefficients as correlated ‘traits’. Assume that the fixed part of the
model accounts for systematic age effects, so thatααα ∼ N(0,KA⊗A) andγγγ ∼ N(0,KR⊗ IND), and thatααα andγγγ
are uncorrelated. For generality, letV(εεε ) = R, but assumeR is blockdiagonal for animals with blocks equal to
submatrices of theq×q matrixΣΣΣ ε. The mixed model matrix pertaining to (5) is then

M∗ =


X′R−1X X

′
R−1Z∗ X

′
R−1Z∗D X′R−1y

Z∗
′
R−1X Z ∗

′
R−1Z∗+K−1

A ⊗A−1 Z∗
′
R−1Z∗D Z∗

′
R−1y

Z∗
′

DR−1X Z∗
′

DR−1Z∗ Z∗
′

DR−1Z∗D +K−1
R ⊗ IND Z∗

′
DR−1y

y′R−1X y′R−1Z∗ y′R−1Z∗D y′R−1y

 (6)

whereA is the numerator relationship matrix between animals,IN is an identity matrix of sizeN, and⊗ denotes
the direct matrix product.M ∗ hasNF + kANA + kRND + 1 rows and columns (withNF being the total number of
levels of fixed effects fitted), i.e. its size and thus computational requirements are proportional to the order of fit of
the CFs. ForR = σ2

ε I , σ2
ε can be be factored fromM∗, resulting in a matrix which can be set up as for a univariate

analysis.

Estimates of the distinct elements ofKA andKR and the parameters determiningΣΣΣ ε can be obtained by REM-
L, applying existing procedures for multivariate analyses under a ‘finite’ model. This may involve a simple,
derivative-free algorithm (Meyer, 1991) or, more efficiently, a method utilising information from derivatives of the
likelihood such as Johnson and Thompson’s (1995) ‘average information’ algorithm; see Madsenet al (1994) or
Meyer (1997) for a description of the latter in the multivariate case.

While true measurement errors are generally assumed to bei.i.d., there may be cases in which we need to allow
for heterogeneous variances or correlations between “temporary” environmental effects. This may, to some extent,
compensate for suboptimal orders of fit for permanent environmental or genetic covariance functions. In other
casesΣΣΣ ε may include parameters, such as the autocorrelationρ for measurement errors following a stationary time
series, for whichV(y) is non-linear and for which derivatives are thus not straightforward to evaluate. In these in-
stances, a two-step procedure combining a derivative-free search (e.g. a quadratic approximation) for the ‘difficult’
parameter(s) with an average information algorithm to maximise logL with respect to the ‘linear’ parameters can
be envisaged. A similar strategy has been employed by Thompson (1976) in estimating the regression on maternal
phenotype as well as additive genetic and environmental components of variance. Alternatively, estimation may be
carried out in a Baysian framework using a Monte Carlo based technique, see Varonaet al(1997) for an application
in a linear RR model.

Calculation of the log likelihood (L) requires factoringM∗ to calculate the log determinant of the coefficient matrix
(log|C∗|) and the residual sums of squares (y′P∗y) (see Meyer (1991) for details). The likelihood is then

logL =−1
2

(
NA log|KA|+kA log|A|+ND log|KR|+ log|C∗|+ log|R|+y′P∗y

)
(7)

For i.i.d. measurement errors, the error variance can be estimated directly asσ2
ε = y′P∗y/(N− r(X)), as for uni-

variate analyses.

Extensions to other models.So far only the case of a simple, ‘univariate’ animal model has been considered. More
complicated models, however, are readily accommodated in the framework described. For instance, additional
random effects such as maternal genetic effects or litter effects can be taken into account analogously by modelling
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each as a series of random regression coefficients. Correlations between random effects, e.g. non-zero direct-
maternal genetic covariances, can be modelled by allowing for covariances between the respective regression
coefficients, which then yield a CF describing the covariance between random effects over time.

Similarly, ‘multivariate’ CF (see Meyer and Hill, 1997) for series of measurements for different traits (e.g. height
and weight measured at different times) can be estimated simply by fitting sets of RR coefficients for each trait
and allowing for covariances between corresponding sets for different traits. An expectation-maximisation type
algorithm for a bivariate analysis under a RR model has recently been described by Shahet al(1997). As mentioned
above, a variety of assumptions about the structure of the within-individual, temporary environmental covariance
matrices can be accommodated; see, for instance, Wolfinger (1996) for a description of some commonly used
models.

Reduced rank covariance functions

For q correlated measurements, the information supplied (or most of it) can generally be summarised as a set of
k < q linear combinations. These can be determined by an singular value decomposition of the corresponding
covariance matrix. Typically, this yields one or a few (k) large, dominating eigenvalues with the remainder (q−k)
being small or zero. Setting the latter to zero and backtransforming (by pre- and postmultiplying the diagonal ma-
trix of eigenvalues with the matrix of eigenvectors and its transpose, respectively) then yields a modified, reduced
rank covariance matrix. In estimating covariance matrices, this could be used to reduce the number of parameters
to be estimated and thus sampling variation. A parameterisation to the elements of the eigenvalue decomposition
and setting eigenvaluesk+ 1, . . . ,q and the corresponding eigenvectors to zero would achieve this but reduce the
number of parameters to be estimated only fork< q/2. Though not perceived for this explicit purpose, the ‘sym-
metric coefficients’ CF model of Kirkpatricket al (1990) provides an alternative way of estimating reduced rank
covariance matrices (Meyer, 1997).

As outlined by Kirkpatricket al (1990), there is an equivalent to the eigenvalue decomposition of covariance ma-
trices for covariance functions, with a corresponding interpretation. Estimates of the eigenvalues of a CF fitted
to orderk are simply the eigenvalues of the corresponding, estimated matrix of coefficients (K ). Similarly, esti-
mates of the eigenfunctions of a CF, the infinite-dimensional equivalent to eigenvectors, can be obtained from the
eigenvectors ofK . Letννν i denote thei−th eigenvector ofK with elementsνi j andθ j(t∗) the j−th order Legendre
polynomial. Thei−th eigenfunction of the CF is then (Kirkpatricket al, 1990)

ψi =
k−1

∑
j=0

νi j θ j(t∗) (8)

Note thatθ j(t∗) is not evaluated for any particular age, but includes polynomials of the standardised aget∗. Hence,
ψi is a continuous, polynomial function int∗. As discussed by Kirkpatricket al et al (1990), eigenfunctions of
genetic CF are especially of interest, as they represent possible deformations of the mean (growth) trajectory which
can be effected by selection, while the corresponding eigenvalues describe the amount of genetic variation in that
direction. In particular, the eigenfunction associated with the largest eigenvalue gives the direction in which the
mean trajectory will change most rapidly.

Fitting a CF to orderk requiresk(k+1)/2 coefficients, i.e. covariances between random regression coefficients, to
be estimated, and gives estimates of the firstk eigenfunctions and eigenvalues of the CF. In some instances, one or
several eigenvalues of the CF may be close to zero or small compared to the other eigenvalues. This implies that
we require ak−th order fit to model the shape of the (growth) curve adequately, but that a subset ofm directions
(=eigenfunctions) suffices. In other words, we might obtain a more parsimonious fit of the CF by estimating a
reduced rank coefficient matrix, forcingk−meigenvalues ofK to be zero.

Consider the Cholesky decomposition ofK , pivoting on the largest diagonal

K = LDL ′ =
k

∑
i=1

di l i l′i (9)

whereL is a lower diagonal matrix with diagonal elements of unity,l i the i−th column vector ofL , andD is
a diagonal matrix. For a covariance matrixK , the i−th element ofD, di , can be interpreted as the conditional
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variance of variablei, given variables 1, . . . , i−1. A reparameterisation to the non-zero off-diagonal elements of
L and the diagonal elements ofD has been advocated for REML estimation of covariance components to remove
constraints on the parameter space or improve rate of convergence in an iterative estimation scheme (Lindstrom
and Bates, 1988; Groeneveld, 1994; Meyer and Smith, 1996). Other parameterisations in this context, based on
the eigenstructure of the covariance matrix, have been considered by Pinheiro and Bates (1996).

An alternative form of the Cholesky decomposition isK = L∗L∗
′
whereL∗ has diagonal elementsl∗ii =

√
di . L ∗ is

often interpreted asK1/2. The eigenvalues of the power of a matrix are equal to the power of the eigenvalues of the
matrix, and the eigenvalues of a triangular matrix are equal to its diagonal elements (e.g. Graybill, 1983). Hence,
the estimate ofK can be forced to have rankm by assuming elementsdm+1 to dk in (9) are zero (elementsdi are
assumed to be in descending order). This yields a modified matrix

K+ =
m

∑
i=1

di l i l′i (10)

The vectorsl i corresponding to the zerodi are then not needed, i.e.K+ is described bykm−m(m−1)/2 param-
eters,m elementsdi and(k−1)m−m(m−1)/2 elements ofl i j ( j > i) of the l i . Clearly, this is not equivalent to
fitting a (full rank) CF to the orderm (which would involvem(m+ 1)/2 parameters) – for instance fork = 4 and
m= 2 we fit a cubic regression assuming there are only two independent directions in which the trajectory is likely
to change, while fork = m= 2 we fit a linear regression.

Strictly speaking, (6) has to be of full rank. Hence, for practical computations,di are set to a small positive value
(e.g. 10−4). Alternatively, a REML algorithm which allows for a semi positive definite covariance matrix of ran-
dom effects could be employed, c.f. Harville (1977) or Frayley and Burns (1995). Obviously, this parameterisation
can also be used to estimate reduced rank covariance matrices for finite-dimensional, multivariate analyses.

APPLICATION

Material and Methods

Meyer and Hill (1997) fitted covariance functions to January weights of 913 beef cows, weighted from 2 to 6
years of age, 2795 records in total with up to 5 records per cow available. Their analysis used age at weighing in
years and fitted measurement errors and fixed effects for each age separately. These data were re-analysed using
the random regression model and fitting age at weighing in months. Analyses were carried out using program
DXMRR (Meyer 1998), employing a derivative-free algorithm to maximise logL .

There were a total of 22 ages in the data, ranging from 19 to 70 months. Figure 1 gives the mean weight and number
of records for each age class. Analyses were carried out fitting a separate measurement error variance component
for each year of age (5 variances). Fixed effects fitted were year-paddock of weighing subclasses (86 levels), year
of birth effects (16 levels) and a cubic regression on age at weighing. The model for fixed effects was ‘univariate’,
i.e. the effects were assumed to be similar for cows of all ages. Additive genetic and permanent environmental
covariance functions were fitted to the same order throughout (kA = kR = k). Orders of fit considered ranged from
1 to 6. In addition, the usual ‘repeatability model’ was fitted, i.e. a CF model withk = 1 and a single measurement
error variance, assumed to be the same for all ages.

For each order of fit, the number of non-zero eigenvalues allowed for each coefficient matrix to be estimated was
set to the same value (r) for KA andKR, considering values ofr ≤ k of 1 to 3. In several instances, analyses resulted
in estimates ofKR with one small eigenvalue. In these cases, the rank ofKR was reduced by one. In every case,
this yielded a further improvement in logL when continuing the analysis, i.e. earlier convergence had been to a
false maximum as the search procedure had become ‘stuck’ at the bounds of the parameter space.

In general, analyses took a considerable time to converge, markedly longer for an order of fit ofk than for a compa-
rablek−variate, finite-dimensional analysis. Furthermore, several restarts were required for each analysis before
likelihoods stabilised. Convergence was especially slow when attempting to estimate ‘unnecessary’ parameters,
i.e. an order of fit or rank of CF with one or more eigenvalues close to zero.

Results
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Likelihoods. Maximum likelihood values from all analyses together with eigenvalues of the estimated coefficient
matrices and estimates of the measurement error variances are summarised in Table I. Clearly, a repeatability model
(first line) was inappropriate in this case, estimates ofσ2

ε (for k = 1) being considerably higher for older cows than
for 2 year old cows. Forcing the rankr of an estimated coefficient matrix - and thus CF - to be 1 is equivalent
to the assumption that all corresponding correlations have a value of unity. Forr = 1 andk> 1, the higher order
coefficients then model heterogeneity of variances.

For all orders of fit, increasingr from 1 to 2 yielded significant increases in logL . Increasingr further to 3,
however, did not raise logL significantly, increases of 5.33 (k = 5) and 5.75 (k = 6) being outweighed by the
number of additional parameters (6 and 8, respectively). Forr = 2, logL increased significantly untilk reached 4.
Estimated CFs for this model were

A(ti , t j) =
[

1 ti t2
i t3

i

]
2162.1 136.7 −602.3 533.8
136.7 118.0 −128.0 −11.4
−602.3 −128.0 241.8 −111.6
533.8 −11.4 −111.6 150.4




1
t j

t2
j

t3
j



R (ti , t j) =
[

1 ti t2
i t3

i

]
528.8 425.2 159.0 −156.5
425.2 505.7 −59.2 −607.1
159.0 −59.2 261.5 502.5
−156.5 −607.1 502.5 1460.2




1
t j

t2
j

t3
j


with ti denoting thei−th standardised age. When fitting polynomials, however, we should also examine an order of
fit of k+2, i.e., the next order of fit with the same type (evenvsuneven) of exponent, as an odd-degree polynomial
is likely to contribute little when an even-degree polynomial fits the data (Graybill, 1961). Indeed, while adding
a quartic coefficient (k = 5) did not increase logL significantly over a cubic polynomial (k = 4), fitting a quintic
term (k = 6) did.

Fitting years rather than months of age as meta-meter for the CFs, Meyer and Hill (1997) found logL not to
increase significantly beyondk = 2. As shown in Figure 1, there was only a small spread of ages within each year,
i.e. the change in scale was expected to have little effect on estimates. The model employed by Meyer and Hill
(1997), however, was multivariate, i.e. fitted separate fixed effects for each year of age. Presumably, the stronger
trend in covariances observed in this analysis can be attributed to less variation being removed by fixed effects. In
addition, likelihood ratio tests were carried out considering full rank CFs and the associated number of parameters.

Phenotypic variation. Figure 2 shows the estimated phenotypic standard deviations for the ages in the data. For
k = 1, deviations from a horizontal line reflected differences in estimates ofσ2

ε over years. Estimates fork> 3
were similar, the cubic term fork≥ 4 causing estimates for 6 year old cows to rise sharply. As shown in Table I,
this was accompanied by estimates ofσ2

ε5
of zero, i.e. presumably to some extent due to a restriction imposed on

the parameter space, forcingσ2
ε ≥ 0. Except for these these last age classes, estimates agreed closely with those

from a finite-dimensional multivariate analysis treating records at different years of age as separate traits, which
were 40.0, 60.5, 65.8, 67.3 and 71.0 (kg) for average ages of 20.3, 32.3, 44.3, 56.2 and 68.2 months, respectively
(Meyer and Hill, 1997).

Eigenfunctions. As for phenotypic standard deviations, estimates of the first eigenvalue (Table I) and corresponding
eigenfunction ofA (Figure 3) were similar for orders of fitk≥ 3. Values of the eigenfunction for individual ages
were roughly proportional to the genetic variance for the age, as determined from the corresponding estimate of
genetic CFA . Positive values throughout imply that selection for increased weight at any age is likely to increase
weight at all other ages. Estimates for the second eigenvalue and -function, however, changed considerably from
k = 3,4 to k = 5,6, in particular forr = 3. This was accompanied by a significant increase in logL from k = 4
to k = 5 and fromk = 5 to k = 6 for r = 3 but notr = 2. Eigenvalues of estimates ofA andR up to orders of fit
of k = 4 were similar to those reported by Meyer and Hill (1997), suggesting that the third sizeable eigenvalues
appearing ork≥ 5 might be an artefact of the order of the polynomial function and the ‘univariate’ fixed effects
part of the model of analysis.

Genetic covariances. Figure 4 shows genetic covariances obtained from estimates ofA for k = 3,6 (r = 3),
evaluated for the range of ages spanned by data. Fork = 3 andk = 4, the resulting surfaces were very smooth,
clearly following a quadratic and cubic function, while fork ≥ 5 surfaces became ‘wiggly’, following the data
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Figure 1 : Mean weights (u, in kg) and numbers of records for ages in the data.
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more closely. A peak in genetic variance at 4 years of age with a subsequent decline was consistent with estimates
of 672, 1277, 2221, 722 and 1988 (kg2) for ages 2, 3, 4, 5 and 6 years, respectively from a finite-dimensional,
multivariate analysis (Meyer and Hill 1997).

Corresponding genetic correlations fork = 4 and 6 are shown in Figure 5. Fork = 4, the surface was smooth with a
‘plateau’ close to unity for ages from 3 years onwards, and a correlations between weights at 2 years and later ages
decreasing with increasing time between measurements. This agrees with our biological expectations for the trait
under consideration. In contrast, correlations fork = 5 (not shown) andk = 6, fluctuated considerably, especially
at the edges of the surface, greatly magnifying sampling variation in the genetic covariances for these orders of fit,
exhibited in Figure 4.

Permanent environmental variation. As shown in Figure 6, estimates ofR produced permanent environmental
variances which, except for weights at 6 years of age, increased considerably less over time than their genetic
counterparts. Moreover, surfaces were considerably smoother for higher orders of fit (k> 4). For the last ages
in the data, estimates of the permanent environmental variances increased dramatically, forcing estimates of the
corresponding measurement error variance to zero, and causing the increase in estimated phenotypic standard
deviation observed above. While observation in the 4 age classes concerned were more variable than in the earlier
years, this appears to be spurious and can only be attributed to smaller numbers of records and the large influence
data points at the extremes can have on the estimates of regression coefficients.

DISCUSSION

There is a wealth of statistical literature on modelling of ‘repeated records’ in general, and structured covariance
matrices in particular (see, for instance, Lindsey (1993) or Vonesh and Chinchilli (1997) and their extensive bibli-
ographies). Applications in animal breeding, however, have until recently been limited to the extremes of a simple
repeatability model or an unstructured, multivariate model. An added complication of quantitative genetic analy-

9



Figure 2 : Estimated phenotypic standard deviations for increasing order (k) of polynomial fit
( ◦ : k = 1, + : k = 2,u : k = 3,× : k = 4,4 : k = 5, ∇ : k = 6)
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ses, not shared by other fields, is the fact that we want to partition the between subject variation into its genetic and
environmental components.

Covariance function and random regression models enable us to model the covariance structure of such records
more adequately, alleviating the problems associated with an oversimplification (repeatability model) or an over-
parameterisation (multivariate model) for traits which change gradually along some continuous scale, such as time.
Moreover, each source of variation, genetic or environmental, can be modelled. While a regression model is usually
thought of in the context of modelling trends in means, covariance functions have been perceived to describe and
smooth dispersion matrices. When regression coefficients are treated as random, however, they implicitly impose
a covariance structure among the observations. Thus the two approaches converge and indeed, as shown, the
covariance function model of Kirkpatricket al (1990) is equivalent to a special class of random regression models.
While not common practice, covariance functions can be formulated for the sources of variation modelled by
random regression coefficients in any RR model.

Regression models, fixed or random, require some assumptions about the parametric form of the regression e-
quation. Regressing on orthogonal polynomials of time (or any other meta-meter) in order to fit Kirkpatricket
al’s (1990) CF model, only invokes the assumption that the trajectory to be modelled can be described by such
polynomials. As shown above, in a maximum likelihood framework we can let the data determine the order of
polynomial fit required and the rank of the CF which suffices.

Likelihood ratio tests carried out to determine the order of fit of covariance functions required should account for
the fact that we are at the boundary of the parameter space and thus have ‘non-standard’ conditions where the
likelihood ratio test criterionλ does not follow aχ2 distribution (Self and Liang, 1987), when testing whether
additional random regression coefficients might have zero variance. Stram and Lee (1994) considered tests of
variance components for longitudinal data in a mixed model. They showed that the large sample distribution of
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Figure 3 : Estimated first and second eigenfunction of the genetic covariance function, for orders of polynomial
fit of 3 (×), 4 (+), 5 (∗) and 6 (
Box), respectively (rank 3 estimates of the coefficient matrices).
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λ is a 50 : 50 mixture ofχ2 distributions withq andq+ 1 degrees of freedom, respectively, when we test the
hypothesis that a matrixD is a q×q positive definite matrix against the hypothesis that it is a(q+ 1)× (q+ 1)
matrix. Hence ‘naive’ tests, assumingλ has aχ2 distribution with degrees of freedom equal to the number of
parameters tested (q+ 1) are too conservative. Stram and Lee (1994) argue though that for such simple tests (of
one additional parameter), resulting biases are likely to be small. In practical applications, the error probabilityα
has been “doubled” to account for this conservatism, i.e.λ has been contrasted againstχ2

q+1,2α instead ofχ2
q+1,α

(e.g. Robert-Granièet al, 1997).

Alternatively, we can decide on an order of fita priori or decide only to use the firstn eigenfunction of the CF
to describe the covariance structure. This choice may depend on the computational resources available, or may
be influenced by the knowledge that higher order polynomials are notorious for magnifying small sampling errors
and producing ‘wiggly’ functions. Even if this choice does not maximise the likelihood, we are likely to obtain
more appropriate estimates than under the simple repeatability model when this clearly does not apply, both in
terms of estimates of genetic parameters and prediction of breeding values. Further research is required to develop
guidelines as how to choose the ‘best’ model for particular situations.

Great care has to be taken when defining and interpreting RR models. As shown in the numerical example, data
points at the extremes of the independent variable can have a big influence on estimates of regression coefficients,
yielding quite erratic estimates of CF or measurement error variances. Various authors estimated genetic parame-
ters for test day milk yields of dairy cows fitting a random regression model. In most cases, resulting heritability
estimates were high at the beginning and end of lactation and low in the middle of lactation, in marked contrast to
previous estimates under a ‘finite-dimensional’ model, and thus regarded with justified scepticism (Jamrozik and
Schaeffer, 1997; Kettunenet al, 1997; Van der Werfet al, 1998). This emphasizes the sensitivity of RR models
to the effects and orders of CFs fitted. It has to be stressed that judicious modelling of fixed and random effects,

11



F
ig

ur
e

4
:

G
en

et
ic

co
va

ria
nc

es
(ink

g2
)

fr
om

es
tim

at
es

of
th

e
ge

ne
tic

co
va

ria
nc

e
fu

nc
tio

n
fo

r
or

de
rs

of
po

ly
no

m
ia

lfi
t(

k)
of

3
to

6
(r

an
k

3)
.

k=
3 

20
40

60
20

40
60

50
0

15
00

25
00

k=
4 

20
40

60
20

40
60

50
0

15
00

25
00

k=
5 

20
40

60
A

ge
20

40
60

A
ge

50
0

15
00

25
00

k=
6

20
40

60
A

ge
20

40
60

A
ge

50
0

15
00

25
00

12



F
ig

ur
e

5
:

E
st

im
at

es
of

ge
ne

tic
co

rr
el

at
io

ns
fo

r
or

de
rs

of
po

ly
no

m
ia

lfi
t(

k)
of

4
an

d
6.

k=
4 

20
40

60
A

ge
20

40

60

A
ge

0.
6

0.
7

0.
8

0.
91

k=
6

20
40

60
A

ge
20

40

60

A
ge

0.
6

0.
7

0.
8

0.
91

13



F
ig

ur
e

6
:

P
er

m
an

en
te

nv
iro

nm
en

ta
l(ΣΣ Σ

R
)

an
d

ge
ne

tic
pl

us
pe

rm
an

en
te

nv
iro

nm
en

ta
l(

ΣΣ Σ
P
)

co
va

ria
nc

es
(in

kg
2
),

fo
r

or
de

rs
of

po
ly

no
m

ia
lfi

t(k
)

of
4

an
d

5.

Σ R  k
=

4 

20
40

60
20

40
60

50
0

15
00

25
00

Σ R  k
=

5 

20
40

60
20

40
60

50
0

15
00

25
00

Σ P  k
=

4 

20
40

60
A

ge
20

40
60

A
ge

10
00

30
00

50
00

Σ P  k
=

5 

20
40

60
A

ge
20

40
60

A
ge

10
00

30
00

50
00

14



careful choice of the orders of fit of CFs, and meticuluous screening of the data are paramount for successful RR
model analyses.

As emphasized by Kirkpatricket al (1990), many families of functions can be employed in the estimation of CF
– while the choice of orthogonal function does not affect the estimate of the CF at the ages in the data, it does
affect interpolation. Following their choice, we have used Legendre polynomials. These, however, generate a
weight function with comparatively heavy emphasis on records at the outer parts of the interval for which they
are defined (compared to, say, weights following a kernel from a Normal distribution) (Ha̋rdle, 1990; section 3.3).
Other functions might thus be more suitable. Alternatively, some scaling of the observed ages can be envisaged,
for instance, a logarithmic transformation should reduce the impact of few observations on very old animals.

CONCLUSIONS

Random regression models provide a valuable tool to model repeated records in animal breeding adequately, e-
specially if traits measured change gradually. They allow covariance functions to be formulated which describe
genetic and environmental covariances among records over time. Moreover, they impose a structure on covariance
matrices. Fitting regressions on orthogonal polynomials of time (or equivalent) we can estimate genetic covariance
functions as suggested by Kirkpatricket al (1990), whose eigenvalues and eigenfunctions provide an insight into
the way selection is likely to affect the mean trajectory of the records considered and can be used to characterise
differences between populations, e.g. breeds of animals.

SOFTWARE

A program is available for the estimation of covariance functions by REML, fitting a random regression animal
model, as described above. “DXMRR” is written in FORTRAN 90 and is part of the DFREML package, version 3.0;
see Meyer (1998) for further details. This is contained on the CD-ROM of the Sixth World Congress on Genetics
Applied to Livestock Production, or can be downloaded from the DFREML home page athttp://agbu.une.
edu.au/~kmeyer/dfreml.html.
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