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Abstract � A randomregressionmodelfor theanalysisof �repeated� recordsin animalbreeding
isdescribedwhichcombinesarandomregressionapproachfor additivegeneticandotherrandom
effectswith theassumptionof aparametriccorrelationstructurefor within animalcovariances.
Both stationaryandnon-stationarycorrelationmodelsinvolving a smallnumberof parameters
are considered. Heterogeneityin within animal variancesis modelledthroughpolynomial
variancefunctions.Estimationof parametersdescribingthedispersionstructureof suchmodel
by restrictedmaximumlikelihood via an �averageinformation� algorithm is outlined. An
applicationto matureweight recordsof beefcow is given,andresultsarecontrastedto those
fromanalyses�tting setsof randomregressioncoef�cients for permanentenvironmentaleffects.

repeatedrecords/ random regressionmodel / correlation function / estimation / REML

1. INTRODUCTION

Randomregression(RR) modelshave becomea preferredchoicein the
analysisof longitudinaldatain animalbreedingapplications.Typical applic-
ationshave beentheanalysisof testdayrecordsin dairy cattleandgrowth or
feedintake recordsin pigs andbeefcattle; see,for instance,Meyer [25] for
references.

RR modelsare particularly useful when we are interestedin differences
betweenindividuals,aswe obtaina completedescriptionof thetrajectory, i.e.
�growth curve�, over therangeof agesconsidered.A popularmodelinvolves
regressionon (orthogonal)polynomialsof time. This doesnot requireprior
assumptionsaboutthe shapeof the trajectory. SuchRR have proven to be
well capableof modellingchangesin variation due to distinct events,such
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558 K. Meyer

as weaningin beef cattle [25], or seasonalin�uences, e.g. [24]. However,
frequentlythis requiredhigh ordersof polynomial�t, andthusa largenum-
ber of parametersto be estimated,accompaniedby extensive computational
requirementsandnumericalproblemsinherentto highorderpolynomials.

More generallyin the analysisof longitudinal data, within-subjectcov-
ariancesbetweenrepeatedrecordsare often assumedto have a parametric
correlationstructure.In thesimplestcase,thismightrequireasingleparameter
tospecifycorrelationsbetweenrecordstogetherwith otherparameterstomodel
variancesof records.A well-knownexampleis theso-called�auto-correlation�
structure. Other models involving a single parameteror low numbersof
parameters(2, 3, 4) to model a correlationfunction are available, e.g. [2,
11,29,31,40].

Pletcherand Geyer [33] presentedan applicationof suchmodelsin the
estimationof geneticcovariancefunctionsfor agedependenttraits in Droso-
phila. Their approachteameda polynomialvariancefunction(VF) to model
changesin varianceswith agewith a one-parametercorrelationfunction(RF)
to model correlationsbetweendifferent ages. However, estimationof the
resultingcovariancefunction(CF)usedareparameterisationof thecovariance
matrixamongall agesin thedata,asusedbyMeyerandHill [27]. Thisresulted
in computationalrequirementsproportionalto thenumberof agesin thedata.
Hence,theirprocedureis not readilyapplicableto largedatasetsarisingfrom
animalbreedingapplicationswith numerousdifferentages.

Recently, Foulley et al. [5] describedan Expectation-Maximizationtype
restrictedmaximumlikelihood(REML) algorithmto estimatethecovariance
parametersfor a modelwhich combineda RR approachto modelvariation
betweensubjects(e.g. genetic)with a singleparameterRF to describewithin
subjectcovariancesbetweenrepeatedrecords. Their model includedup to
threeparametersto model the latter, namelythe parameterfor the RF, the
within subjectvarianceanda measurementerrorvariance.

Simplecorrelationmodelslikethoseconsideredby PletcherandGeyer [33]
and Foulley et al. [5], generallyimply stationarity, i.e. that the correlation
betweenobservationsatany two timesdependsonly onthedifferencebetween
them,the �lag� , not the timesthemselves. This might not be appropriatefor
animalbreedingapplications.Non-stationarycorrelationor covariancemodels
areavailable,butusuallyinvolvemoreparameters.A commonmodel,available
in standardstatisticalanalysespackages,is the so-called�ante-dependence�
model [15]. A more parsimoniousvariant are structuredante-dependence
models[32]. Pourahmadi[34] recentlyconsideredsuchmodelsin a general
mixedmodelframework.

This paperoutlinesREML estimationfor RR modelsin animalbreeding
applications,assuminga parametriccorrelationstructurefor within animal
covariancesbetweenrepeatedrecords. Both stationaryand non-stationary
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modelsareconsidered.A numericalexamplecomprisingtheanalysisof mature
weightrecordsof beefcows is presented.

2. MODEL OF ANALYSIS

2.1. Randomregressionmodel

RR modelscommonlyappliedin animalbreedingincludeat leasttwo sets
of RR coef�cients for eachanimal,representingdirect, additive geneticand
permanentenvironmentaleffects,respectively. Let yij denotethe j-th record
for animali takenat time tij . Assumewe �t RR on orthogonalpolynomialsof
timeor ageat recording.TheRRmodelis then

yij D Fij C
kA� 1X

mD0

aimvm. tij / C
kR� 1X

mD0

gimvm. tij / C f ij (1)

with Fij denotingthe �x ed effects pertainingto yij (often including a �x ed
regressionon polynomialsof time at recording),aim and gim the additive
geneticandpermanentenvironmentalRRcoef�cients for animali, respectively,
kA andkR the correspondingordersof polynomial�t, vm. tij / the m-th ortho-
gonalpolynomialof time tij (standardisedif applicable),andf ij thetemporary
environmentaleffector �measurementerror� affectingyij .

Let a i D faimg andgi D fgimg denotethe vectorsof RR coef�cients for
animal i of length kA and kR, respectively. Assumea multivariatenormal
distributionof recordsyij , and

E [a i ] D 0 E
�
gi

�
D 0

Var .a i / D KA Var .gi / D KR

Cov
�
a i ; g0

i

�
D 0 Var .f i / D Diag

�
s2

f k

	

with KA D fKAmngandKR D fKRmngthematricesof covariancesamongRR
coef�cients, ands2

f k thevariancesof measurementerrors.
Further, let yi be the orderedvector of observations for the i-th animal

(orderedaccordingto tij ), andy of lengthM representthecompletevectorof
observationsfor all animalsin thedata,i D 1; : : : ; N. Assumerelationships
betweenanimalsareknown andtakeninto account,incrementingthenumber
of animalsin theanalysisthroughinclusionof parentswithout recordsto NA.
Let b of lengthNF denotethe vectorof �x ed effectsto be �tted with design
matrixX, anda of lengthkA � NA andg of lengthkR � N thevectorsof additive
geneticandpermanentenvironmentalRR coef�cients. Designmatricesfor a
andg have non-zeroelementsvm. tij / , i.e. orthogonalpolynomialsevaluated
for thetimesatwhichmeasurementsarerecorded.
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Letv of sizeM� kRN denotethematrixof orthogonalpolynomialsevaluated
for theagesin thedata,with non-zeroblockof sizeni � kR for thei-th animal.
This is the designmatrix for g. The correspondingmatrix for a is v A of
sizeM � kA NA, augmentedby columnsof zeroelementsfor animalswithout
records.Finally, let f denotethevectorof measurementerrorscorresponding
to y. Thisgives

y D Xb C v A a C v g C f (2)

Let y andg be orderedaccordingto animals,a be orderedaccordingto RR
coef�cients. With A denotingthenumeratorrelationshipbetweenanimalsand
IN anidentitymatrixof sizeN, thisgives

Var.y/ D v A
�
KA 
 A

�
v 0

A C v
�
IN 
 KR

�
v 0C Diag

�
s2

f k

	

D v AG v 0
A C R C S f D V (3)

With measurementerrorsassumeduncorrelated,S f is diagonalandthemixed
model equationsand matrix (MMM) pertainingto (2) can be set up as for
univariate analyses. Moreover, if S f D s2

f IM or Diag
�
s2

f dk
	
, s2

f can be
factoredfrom the MMM andbe estimateddirectly from the residualsumof
squares[22].

The covariancefunction due to permanentenvironmentaleffects of the
animal(R ) is estimatedthroughK R. With R generally�tted to reducedorder,
i.e.kR smallerthanthenumberof agesin thedata,theresultingestimateof R, the
permanentenvironmentalcovariancematrixamongobservations,is smoothed
and hasreducedrank. However, it doesnot have a pre-imposedstructure.
Whilst it is straightforward to estimateK R assuminga certainstructure,this
doesnot translatereadilyto R.

Equivalentmodel

We are,however, more interestedin imposinga structureon R thanK R.
Thiscanbeachievedby �tting anequivalentmodelto (2)

y D Xb C v A a C e (4)

with e of lengthM the vectorof total environmentaleffects, i.e. the sumof
permanenteffectsdueto theanimalandmeasurementerrors.Thishasvariance

Var.e/ D R� D R C S f (5)

LikeR, R� isblockdiagonalfor animals.Permanentenvironmentalcovariances
betweenrecordstakenon thesameanimalaremodelledthroughnon-zerooff-
diagonalelementsin the i-th block of R� , R�

i . The MMM for (5) canbe set
up for oneanimalat a time, as for standard,non-RRmultivariateanalyses.
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They canbethoughtof asderivedfrom theMMM for (2) by absorbingg, and
computationalrequirementsto factortheMMM arethesamefor bothmodels.

Choosing(5) rather than (2), however, offers a much wider choice of
parameterisationfor R� and R, and allows for a chosenstructureof R to
beimposedeasily.

2.2. Parametric correlation structur es

DecomposeR into theproductof standarddeviationsandcorrelations

R D S1=2
R C S1=2

R (6)

with SR D Diag
�
s2

Rj

	
thediagonalmatrix of permanentenvironmentalvari-

ancespertainingto y, andC D
�
cj k

	
thecorrespondingmatrixof correlations.

C is blockdiagonalfor animals.

2.2.1.Variancefunction

Heterogeneousvarianceshave beenmodelledthroughVF, e.g. [6,33,34],
andthis hasbeenappliedto measurementerrorvariancesin RR analyses[12,
25,35]. Similarly, we canmodelthe j-th elementof SR or S1=2

R asa function
of theageat recordingtij . This canbea stepfunctionor, asmorecommonly
used,apolynomialfunction,For instance,

sw
Rj D sw

R0

Ã

1 C
vX

rD1

br trij

!

(7)

sw
Rj D sw

R0 e
�
1 C

P v
rD1 br trij

�
(8)

sw
Rj D e

�
sw

R0 C
P v

rD1 br trij
�

or log
�
sw

Rj

�
D sw

R0 C
vX

rD1

br trij (9)

with s2
R0 the varianceat the intercept,br the coef�cients of the VF and v

the orderof polynomial�t. Either variances(w D 2) or standarddeviations
(w D 1) canbemodelledin this way. Functions(8) and(9) areadvantageous
whenvariancesincreaseexponentiallywith time. In addition,they requireless
restrictionson theparametersof theVF than(7) to ensurethats2

Rj > 0 for all
j D 1; : : : ; M. Whilst functionsshown aboveinvolveordinarypolynomials(as
in previousapplications),useof orthogonalpolynomialsof tij maybepreferable
toreducesamplingcorrelationsbetweenbr andthusimproveconvergencewhen
estimatingtheseparameters.Alternatively, for applicationswherevariances
show someperiodicity, e.g. dueto seasonalin�uences,a VF involving both
polynomialandtrigonometricterms[4] maybebene�cial. In otherinstances,
segmentedpolynomials[7] may be ableto modelchangesin varianceswith
timewith fewerparameters.
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2.2.2.Corr elation function

Correlationsbetweenobservations at different agescan be modelledas
a function of the agesand one or more parametersof the RF. Correlation
functionsarestationaryif acorrelationbetweenapairof recordsdependsonly
onthedifferencesin agesatwhichthey weretaken�or lag� ratherthantheages
themselves.MostpopularRF, includingthosegivenby (11) to (19)below, fall
into thiscategory.

Compoundsymmetry

In thesimplestcase,correlationsbetweenall observationsfor ananimal(at
differentages)areassumedto bethesame.

cj k D

(
1 for j D k
r for j 6D k

(10)

with r a correlation,i.e. � 1 < r < 1. This patternis generallyreferredto
as uniform correlationor compoundsymmetry(CS), and is the correlation
structureassumedin thestandard�repeatabilitymodel�analysesoftenusedin
theanalysisof animalbreedingdata.

Auto-correlation

Let `j k D jtij � tikj denotethelag in agesfor apairof records.yij ; yik/ onthe
i-th animal.Theso-calledpower, serialor auto-correlationfunctionis then

cj k D r `j k (11)

with � 1 < r < 1 asabove. This is the correlationstructuregeneratedby a
continuous-time,�rst orderauto-regressive(AR(1)) process.

Exponentialmodel

An alternative way to modelthe correlationstructuregiven by (11) is the
exponential(EXP)model

cj k D e� h`j k (12)

with h D � log.r / > 0. Again this parameterisationcan be advantageous
in termsof estimation,as it doesnot requirethe parameterof the RF to be
constrainedto aninterval.
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Gaussianmodel

In someinstances,thedeclinein correlationwith increasinglag is steeper
thancanbe modelledwith an exponentialfunction of `j k. In this case,the
so-calledGaussian(GAU) exponentialmodel which uses` 2

j k may be more
appropriate.

cj k D e� h` 2
j k (13)

Diggle et al. [3] emphasizethat in contrastto EXP, GAU is differentiable
at `j k D 0, and that for a suf�ciently small time scaleGAU hassmoother
appearancethanEXP.

Othersingleparameterfunctions

OtherRF involving differentdistributionsbut only a singleparameterhave
beenexaminedby Pletcherand Geyer [33]. All yield correlationswhich
decreasewith increasinglag. For instance,

cj k D
�
1 C h̀ 2

j k

� � 1
(14)

cj k D
�
cosh.ph`j k=2/

� � 1
(15)

cj k D sin.h̀ j k/=
�
h̀ j k

�
(16)

cj k D
�
1 � cos.h̀ j k/

�
=

�
h2` 2

j k

�
(17)

areRFsbasedontheCauchy distribution,thehyperboliccosine,thecharacter-
istic functionof theuniformdistribution,andthecharacteristicfunctionof the
triangulardistribution,respectively.

�Damped� exponentialmodel

A more�e xiblemodelcanbeobtainedbyaddingasecondparameterk. This
is ascaleparameterwhichallowstheexponentialdecayof theauto-correlation
functionto beacceleratedor attenuated.Muñozet al. [29] presentedthis for
theserialcorrelationmodel

cj k D r `k
j k (18)

pointingoutthatfor k D 1,k D 0andk D 1 , (18)reducesto theserialcorrela-
tion, compoundsymmetryand�rst-order moving averagemodel,respectively.
Alternatively, (12)canbeexpandedto

cj k D e� h`k
j k (19)

[11]. PletcherandGuyer[33] considerthis asRF basedon thecharacteristic
functionof thegeneralstabledistribution, with restriction0 < k < 2. In the
following, (19) is referredto asdampedexponential(DEX) model.
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Othertwoparameterfunctions

A model which is not a specialcaseof DEX, is the RF generatedby a
second-orderauto-regressiveprocess,whichhasparametersdeterminedby the
correlationbetweenageswith lags1 and2 [29].

Any of theaboveRF((11)to (19))canbemodi�ed toallow for aproportiont
of thecorrelationindependentof ageeffects[11]

cj k D t C .1 � t / c�
j k (20)

with c�
jk a functionof thelag in agesasmodelledabove,andt estimatedasan

additionalparameter(yieldinga three-parameterRF if extending(19)).

Structuredante-dependencemodel

Anotherclassof modelsemployedin theanalysisof �repeated�recordsor
longitudinaldataare the so-calledante-dependence(AD) models,e.g. [15].
Thesearelooselyrelatedto time seriesmodels,in suchthatthej-th recordon
ananimaldependson andis correlatedto a numberof its predecessors[3]. In
contrastto theparametriccorrelationstructuresconsideredsofar, AD models
allow for non-stationarycorrelations.

For an AD model of order s, AD(s), a recordyij in the orderedvector
of observations yi for animal i is assumedto dependat most on records
yi . j� 1/ ; : : : ; yi . j� s/ , but to beindependentof any otherprecedingobservations
yi . j� s� 1/ ; : : : ; yi 1. This yields a correlationmatrix with elementson the �rst
s subdiagonalsasvariables,andthe elementsof the remainingsubdiagonals
(sC 1; : : : ; n � 1) determinedby theformer. Consequently, thecorresponding
inverseis a bandedmatrix, with only the elementsof the leadingdiagonal
and�rst s subdiagonalsbeingnon-zero[15]. Hence,for n differenttimesof
recording,anunstructuredAD(s) modelhas.sC 1/. 2n � s/=2 parameters,n
variancesandsn� s.sC 1/=2 correlations.

For s D 1, a �rst-order AD model,therearen � 1 correlationson the�rst
sub-diagonalof thecorrelationmatrix,cj . jC1/ . Theothercorrelationsaregiven
by asimplemultiplicativerelation

cj k D
k� 1Y

qDjC1

cq.qC1/ for j D 1; n and k D j C 2; n (21)

[31]. For s > 1, thefunctionalrelationshipwith theelementsof the�rst ssub-
diagonalsis morecomplicated.In thatcase,aparameterisationin termsof the
inverseof thecorrespondingcovariancematrix� alsocalledthe�concentration
matrix� of theAD � or it' sCholesky decompositionis oftenpreferred.

Whilst an AD(s) modelwith low s hasconsiderablylessparametersthan
a full multivariate,unstructuredmodel(which hasn.n C 1/=2 parameters),it
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canstill involve impracticallymany parameters.Structuredante-dependence
(SAD) models[32] assumea functionalrelationshipbetweenthe parameters
of anAD model,andthusprovideamoreparsimoniousrepresentation.Firstly,
variancesareconsideredto be a function of the time at measurement,with
thefunctioninvolving a smallnumberof parameters.Zimmermanet al. [39],
Núñez-AntónandZimmerman[32] andPourahmadi[34] considerpolynomial
VFs asdescribedabove (see(7) to (9)). Secondly, thecorrelationson the�rst
ssubdiagonalsaredeterminedby thetimesof recordingand2sparameters,r k

andkk, respectively:

cj . j� k/ D r
f . ti j; kk/ � f . ti . j� k/ ; kk/
k for k D 1; s and j D k C 1; n (22)

[32] with 0 < r < 1 and

f . tij ; kk/ D

( �
tkk
ij � 1

�
=kk for kk 6D 0

log.tij / for kk D 0
(23)

Function(23) appliesa deformation(Box-Cox power transformation)to the
time scale which facilitatesnon-stationarityof correlations. For k < 1
equidistantcorrelationsare increasingwith age. Conversely, k > 1 implies
lower correlationsbetweenrecordswith equallag at higherages[39]. For
s D 1 andk D 1, theRF(22) reducesto (11), theauto-correlationfunction.

3. ESTIMATION OF COVARIANCE AND CORRELATION
FUNCTIONS

Parametersof covariance,correlationand variancefunctionsare readily
estimatedby restrictedmaximum likelihood (REML). This may involve a
derivative-freeprocedure,an�AverageInformation�(AI-REML) algorithm[8]
or an Expectation-Maximization(EM) algorithm, as describedby Foulley
et al. [5]. Various authorsconsiderREML estimationin the analysisof
longitudinalor spatialdata,but oftendonotgo furtherthanspecifyingthelog
likelihoodandusingasimplesearchprocedure,suchasthesimplex methodof
NelderandMead[30], to locateits maximum,e.g. [3,31,39]. Othersdescribe
maximumlikelihoodestimationusingNewton-Raphsontypealgorithms,e.g.
[13,18,29]. Gilmouret al. [8] considerAI-REML estimationfor modelswith
correlatedresidualsin ageneralformulation.

3.1. The lik elihood

TheREML log likelihoodfor (4) is

� 2 logL D constC log jGj C log
�
�R�

�
� C logjCM j C y0Py (24)
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whereCM is the coef�cient matrix in the mixed model equationpertaining
to (4) andy0Py is thesumof squaresof residuals.Bothy0Py andlogjCM j can
beevaluatedsimultaneouslyasdescribedby Graseretal. [9], by factoringthe
correspondingMMM

M D

2

4
X0.R� / � 1X X0.R� / � 1v A X0.R� / � 1y
v 0

A.R� / � 1X v 0
A.R� / � 1v A C K � 1

A 
 A� 1 v 0
A.R� / � 1y

y0.R� / � 1X y0.R� / � 1v A y0.R� / � 1y

3

5 (25)

M is largebut sparse,with NM D NF C kA NA C 1 rows andcolumns.For R�

blockdiagonalit canbesetup for oneanimalat a time, asfor corresponding
multivariateanalyses.FactoringM into LL 0 with L a lower triangularmatrix
with elementsl ij (l ij D 0 for j > i) gives

logjCM j D 2
NM � 1X

kD1

log lkk and (26)

y0Py D l2NM NM
(27)

e.g. [28]. Theothercomponentsof (24)canbeevaluatedas

logjGj D NA log jKAj C kA logjAj and (28)

log
�
�R�

�
� D

NX

iD1

logjRi C S f i j (29)

Thisinvolvesdeterminantsof smallmatricesonly, of sizekA andthenumber
of recordsfor eachanimal,respectively. Forsomecorrelationstructures,closed
forms for the correspondinginversecorrelationor covariancematricesand
determinantsexist. In somecases,in particularfor analysesassumingS f D 0,
thiscanbeexploitedto reducecomputationalrequirementsto evaluate(29).

3.2. AI-REML algorithm

Maximisationof logL via AI-REML requires�rst derivativesof (24) and
the averageof observed andexpectedinformation[8]. The latter is propor-
tional to secondderivativesof the datapart, y0Py, of the likelihood. These
canbe determinedasfor standardmultivariateanalyses,usingsparsematrix
inversionandrepeatedsolutionof themixedmodelequations[19] orautomatic
differentiationof theMMM [20].
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3.2.1.First derivatives

Derivatives of log jCM j and y0Py can be determinedthrough automatic
differentiationof theCholesky factorof M, asdescribedby Smith[36]. This
requiresthederivativesof M with respectto theparametersto beestimated.

@M
@KAmn

D

2

6
4

0 0 0

0 � K � 1
A

@KA

@KAmn
K � 1

A 
 A � 1 0

0 0 0

3

7
5 (30)

for covariancesamongtheRRcoef�cients for additivegeneticeffects,a i . The
derivative @KA=@KAmn haselementsof unity in positionmnandnmandzero
otherwise.Hence,

� K � 1
A

@KA

@KAmn
K � 1

A D
�

�
2 � dmn

2

�
Krm

A Kns
A C Krn

A Kms
A

�
�

for r; s D 1; : : : ; kA (31)

with Kmn
A themn-th elementof K � 1

A anddmn Kronecker'sdelta,i.e. dmn D 1 for
m D n and0 otherwise.Similarly,

@M
@hR

D

2

4
X0QRX X0QRv A X0QRy
v 0

AQRX v 0
AQRv A v 0

AQRy
y0QRX y0QRv A y0QRy

3

5 (32)

with

QR D � .R� / � 1 @R�

@hR
.R� / � 1

andhR standingin turn for theparametersof thepermanentenvironmentalVF
(P ), s2

R0 andregressioncoef�cient br , theparametersof theCF, r or h andk,
andtheparametersof theVF for measurementerrorvariances(E).

Let@L=@hR, with elements@l ij=@hR, denotethederivativeof L with respectto
hR obtainedbydifferentiationof L asdescribedbySmith[36]. Firstderivatives
of thelasttwo termsin (24)arethen[28]

@logjCM j
@hR

D 2
NM � 1X

kD1

l � 1
kk

@lkk

@hR
and (33)

@y0Py
@hR

D 2lNM NM

@lNM NM

@hR
(34)
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Derivativesof theothertwo termsin (24)canbeevaluatedindirectly

@logjGj
@KAmn

D NA tr
�

K � 1
A

@KA

@KAmn

�
D .2 � dmn/ NA Kmn

A (35)

@log
�
�R�

�
�

@hR
D

NX

iD1

tr
�

.R�
i / � 1 @R�

i

@hR

�
(36)

For R� linear in the parametersto be estimated,(36) simpli�es analogously
to (35),see[28].

3.2.2.Secondderivatives

AI-REML algorithms [8,14,19,20] have generally consideredthe case
where V is linear in the parametersto be estimated,as, for instance,for
standardmultivariateanalyses.This givessecondderivativesof V which are
zero,andtheaverageof �observed� and�expected�informationfor parameters
hr andhs is equalto

�
1
2

y0P
@V
@hr

P
@V
@hs

Py (37)

For caseswhere V 6D
P

p hp.@V=@hp/ , as for our parameterisationof the
residualcovariancematrix in termsof a varianceandparametriccorrelation
function, secondderivatives of V are non-zero. For suchmodels,Gilmour
et al. [8] suggestto approximatetheexactaverageby a �simpli�ed average�
information. This is derivedby approximating@2y0Py=@hr@hs by its expecta-
tion. Asymptoticallythetwo arethesame.Computationally, this is equivalent
to ignoringextra termsinvolving non-zerosecondderivativesof V.

Rewrite (37)asb0
rPbs with br D @V=@hrPy. For hr D KAmn,

br D v A

�
@KA

@kAmn
K � 1

A 
 INA

�
Oa D

2 � dmn

2

kAX

qD1

�
Kmq

A v An C Knq
A v Am

�
Oaq (38)

with v Aq andaq denotingthesub-matrixof v A andsubvectorof Oa, respectively,
for the q-th RR coef�cient. Similarly, for hr a parameterof R� and Oe D
y � X Ob � v A Oa,

br D

Ã
NX

iD1

C @R�
i

@hr
.R�

i / � 1

!

Oe (39)

where � C � denotesthe direct matrix sum. As shown previously [20],
crossproductsb0

rPbs can be evaluatedby replacing y in (25) with B D
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�
b1jb2j : : : jbp

�
, a matrix containingone columnbi for eachparameter, and

expandingtheMMM to

MB D

2

4 CM
X0.R� / � 1B
v 0

A.R� / � 1B
B0.R� / � 1X B0.R� / � 1v A B0.R� / � 1B

3

5 (40)

FactoringMB thenoverwritesB0PB with elementsb0
rPbs. With theCholesky

factor of CM already evaluated(in factoring M), this is computationally
undemanding.

3.2.3.Derivativesof R�

Evaluationof QR (33),the�rst derivativesof R� (36)andvectorsbr pertain-
ing to parametersof R� (39) requiresthepartialderivativesof R� with respect
to theparametersto beestimated,aswell asproductsandtracesinvolving the
inverseof R�. Correspondingtermsfor theparametersof apolynomialVF for
measurementerrorvariancesundermodel(2), i.e. thesimplecaseof adiagonal
residualcovariancematrix,have beengivenby Meyer [25].

Correlationfunction

For hR D r ; h or k

@R�
i

@hR
D S 1=2

R
@Ci

@hR
S 1=2

R D
�

sRj
@cj k

@hR
sRk

�
(41)

Derivativesof cj k needto bedeterminedfor eachRF separately. For instance,
for theauto-correlationfunction,(11)or (18)

@cj k

@r
D `k

j kr
` k
j k � 1

(42)

@cj k

@k
D r ` k

j k` k
j k ln.r / ln.` j k/ (43)

Similarly, for anexponentialmodel,EXP(12),GAU (13)or DEX (19),

@cj k

@h
D � `k

j ke
� h̀ k

j k (44)

@cj k

@k
D � h̀ k

j k ln.` j k/e
� h̀ k

j k (45)

with �x edvaluesfor k whereappropriate.
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Table I. Derivativesof permanentenvironmentalstandarddeviationswith respectto
parametersof functionsmodellingchangesin variancesor standarddeviationswith
time.

Function.a/ StandardDeviation Variance

@sRj=@sR0 @sRj=@br @sRj=@s2
R0 @sRj=@br

sw
Rj D sw

R0

�
1 C

P v
rD1 br trij

�
sRj=sR0 sR0 trij

1
2

sRj=s2
R0

1
2

s � 1
Rj s2

R0 trij

sw
Rj D sw

R0 exp
n
1 C

P v
rD1 br trij

o
sRj=sR0 sRj trij

1
2

sRj=s2
R0

1
2

sRj trij

sw
Rj D exp

n
sw

R0 C
P v

rD1 br trij
o

sRj sRj trij
1
2

sRj
1
2

sRj trij

.a/ w D 1 to modelstandarddeviations,w D 2 to modelvariances.

Variancefunctions

Derivativesof thediagonalmatrixof measurementerrorvariancesare

@S f

@hf
D Diag

(
@s2

f j

@hf

)

(46)

with hf standingfor the parametersmodelling changesin temporaryenvir-
onmentalvariancesover time. Expressionsfor parametersof a VF, E, are
analogousto thosegivenbelow for permanentenvironmentalvariances.

For theparametersof P , hR D s2
R0 or sR0 andbr for r D 1; : : : ; v,

@R�

@hR
D

�
@sRj

@hR
cj ksRk C sRjcj k

@sRk

@hR

�
(47)

Derivativesof sRj dependonthefunctionandparameterisationchosen.Values
of @sRj=@hR for functions(7) to (9) to model either standarddeviations or
variancesaresummarisedin TableI.

4. APPLICATION

4.1. Data

Dataconsistedof Januaryweightsof PolledHerefordbeefcows between2
and10 yearsof age,analysedpreviously �tting RR on Legendrepolynomials
of agefor both additive geneticandpermanentenvironmentaleffectsof the
animal[23].
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Recordsoriginatedfrom a selectionexperimentcarriedout at theWokalup
researchstationin the SouthWestof WesternAustralia;see[26] for details.
With a Mediterraneanclimate,characterisedby Winter andSpringrainsand
pasturegrowth, and subsequentalmost completedrought in Summerand
Autumn,Januaryweighingstendedto recordcows at their top weightduring
theyear. Shortmatingperiodsresultedin thebulk of calvesbornin April and
May eachyear. Agesat weighingfor recordsselectedthusrangedfrom 19 to
119months,with upto 9 weightspercow. In total therewere3320recordson
850cows, offspringof 149siresand423dams,with 165,153,103,124,83,
75,47,50and50animalshaving 1, 2, : : : , 8 and9 recordsavailable.

4.2. Analyses

Datawereanalysedassuminga parametriccorrelationstructurefor covari-
ancesbetweenrecordstakenonthesameanimal.ModelsCS,EXP, GAU, DEX
andSAD wereconsidered,teamedwith polynomialfunctionsto modelper-
manentenvironmentalstandarddeviations((7)with w D 1)of orderv D 0 to7.
Measurementerrorvarianceswerein turn consideredhomogeneous(e D 1),
to berepresentedby a polynomialfunction((7) with w D 1) asfor permanent
environmentaleffects,or to changewith yearof age,�tting a stepfunction
with e D 7 classes(2, 3, 4, 5, 6, 7, 8�10 years)asin previousanalyses[23]. In
thefollowing �RF.VFv.Ee� denotesananalysis�tting correlationfunctionRF
with polynomialfunctionP for permanentenvironmentalstandarddeviations
to orderv, ande measurementerrorvariances.A model�tting a polynomial
functionE for temporaryenvironmentalstandarddeviationswith v0coef�cients
is describedas�RF.VFv.E1+VFv0� . For example,�SAD.VF3.E1� represents
ananalysisassuminga structuredante-dependencemodelfor thecorrelations
betweenrecordsfor ananimalwith acubicvariancefunctionto modelchanges
in permanentenvironmentalvariancesovertime,andtemporaryenvironmental
effectswhichareconsideredto havehomogeneousvariances.

For comparison,datawerealso reanalysedassumingpermanentenviron-
mentalcovariancesfollowedapatternasdescribedby �tting asetof RRcoef�-
cientsonLegendrepolynomials(LP)of ageatrecording,i.e.R D v K Rv 0. Asin
previousanalyses,estimatesof K R wereforcedtohavereducedrank,bysetting
eigenvalueslessthan0:001 to zero,thusreducingthe numberof parameters
to beestimatedaccordingly. In thefollowing, �LP.RkRrk0

R.Ee(+VFv0)� denotes
an analysis�tting LPs for permanentenvironmentaleffectsto orderkR, with
estimatedcovariancematrixof rankk0

R (othertermsasabove).
Analyseswere�rst carriedoutona�phenotypic� level,assumingall covari-

ancesbetweenrecordsweredueto animals'permanentenvironmentaleffects.
This facilitatedcomputationallyundemandingexaminationof a wide range
of variancefunctionsandcorrelationstructures.Secondly, analysesallowed
for (co)variancesbetweenindividualsby �tting RR coef�cients onLPsof age
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dueto animals'additivegeneticeffects,incorporatingall pedigreeinformation
available. �AkArk0

A� denotesananalysis�tting LPsto orderkA with estimated
covariancematrixKA of rankk0

A.
As in previousanalyses,�x edeffects�tted includedcontemporarygroups,

de�ned asyear-paddocksubclasses,anda cubicregressiononLegendrepoly-
nomialsof age. Parametersof variance,correlationandcovariancefunctions
were estimatedby REML, using a combinationof derivative-freeand AI-
REML algorithms. Analyseswerecarriedout usingprogramDXMRR1 [21],
extendedto accommodatemodel(4) with parameterisationof R� asdescribed
above.

Resultsfromdifferentanalyseswerecomparedbyexaminingestimatedvari-
ancesandcorrelationsfor agesrepresentedin thedata.In addition,maximum
valuesof logL andtheREML formsof Akaike's (AIC) andSchwarz' (BIC)
informationcriterion,e.g. [38] werecontrasted.

4.3. Results

4.3.1.�Phenotypic� analyses

Resultsfrom analysesignoringvariationbetweenanimalsaresummarised
in TableII. Valuesof logL areclearlydominatedby theorderof �t for VF
P andthedegreeof heterogeneityallowedfor measurementerrorvariances.
For e D 1, P neededto bea cubicor higherorderpolynomial,for estimates
of variancesat meanagenot to bedrasticover- or underestimates.Estimated
correlationsbetweenrecordsonemonthapartwerecloseto unity. At equal
orderof �t for P , v, two-parameterRFs(DEX andSAD) yieldedhigherlogL
thansingleparameterRFs(CS,EXP andGAU), but therewasno advantage
of thenon-stationarySAD over thestationarydampedexponentialcorrelation
structure.

Assuminghomogeneouss2
f , parametricRF hadhigherlogL thananalyses

�tting LP involving similarnumbersof parameters,presumablybecausemore
parameterswereavailableto modelchangesin variationwith time. For e D 7,
however, therewas little difference,with the heterogeneouss2

f accounting
for differencesin variationnot modelledby covariancefunction R . Model
�DEX.VF3.E7� with 13 parametershad minimum AIC, thoughthe corres-
pondinglogL wasnot very differentfrom that for �LP.R4r2.E7�. Involving
a morestringentpenaltyfor the numberof parameters�tted, BIC suggested
that�EXP.VF3.E1�with only six parameterssuf�ced to modelthecovariance
structureadequately.

Estimatedvariancesfor selectedanalysesareshown in Figure1, andcor-
respondingcorrelationsare given in Figure 2. For e D 1 and v � 4 or

1 availableaspartof DFREML 3.0from http://agbu.une.edu.au/~kmeyer/dfreml.html
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Figure1. Estimatesof variances(Solidblackline: phenotypic,grey line: animaland
dottedline: measurementerror, with �thick� areasof line representingagesin thedata;
in 1000kg2) from phenotypicanalyses.

v D 3 togetherwith heterogeneouss2
f , estimatesof thetotal variancediffered

little betweenmodelsof analyses.Differenceswerelargestat thehighestages
whichwererepresentedbycomparativelyfew recordsonly. ForDEX,however,
estimatesof s2

f wereconsistentlylowerthanfor theothermodels,in particular
if aVF E was�tted or e > 1.

As shown in Figure2, correlationfunctionsEXP andDEX forceestimates
of within-animal correlationsbetweenrepeatedrecordsto decreasestead-
ily with increasinglag. Correspondingphenotypiccorrelation(rP) estim-
atesfollow a similar pattern,but �uctuate if variancesare heterogeneous.
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Figure2. Estimatesof (average)correlationsfor lagsin agefromphenotypicanalyses
(Grey line: animal,thick blackline: phenotypic,thin blacklinesshowing rangesfor
phenotypiccorrelations).

Henceaveragevaluestogetherwith their rangesare shown for rP. Whilst
EXP andDEX imply stationarityfor rR, analyses�tting LPs do not impose
this restriction,and valuesfor rR shown are averages(with ranges),as for
rP. Previous analyses�tting LPs [23] hadreportedan inexplicablepeakin
estimatesor rR betweenthe youngestand oldest ages,and attributed this
to samplingvariation. This peak is re�ected in increasesof the average
estimateof rR for lags of more than 70 monthsfor analyses�LP.R4r3.E1�
and�LP.R4r3.E7�. Similarity in valuesof logL andestimatesof variancesfor
the latter and�DEX.VF3.E7� suggeststhat differencesin estimatesof rR are
indeedspurious.
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Figure3. Estimatesof variancescomponentsfromgeneticanalyses(Thickblackline:
phenotypic,black andgrey line: genetic,grey line: permanentenvironmentaland
dottedline: measurementerror, with �thick� areasrepresentingagesin thedata; in
1000kg2).

4.3.2.Geneticanalyses

Table III gives resultsfrom analyses�tting a set of RR coef�cients for
animals'additivegeneticeffectsin addition.Clearly, thereisvariationbetween
individualswhich shouldnot beignored.Likelihoodsincreasedup to kA D 4,
the orderof �t identi�ed previously [23]. Fitting K A with rank k0

A D 2 was
suf�cient throughout. Again, BIC favoureda modelwith homogeneouss2

f ,
�A3r1.DEX.VF5.E1� with 12 parameters,while AIC selectedthe model of
previousanalyses,�A4r2.LP.R4r2.E7�with 21parameters.

Estimatesof variancesand correlationsfor the �best� modelsand others
closely relatedto them are shown in Figures3 and 4, respectively. For
comparison,correspondingestimatesfrom a �standard�multivariateanalysis
treatingobservationsateachyearof age(2 to10)asadifferenttrait aregivenin
Figure5. Mostnotableagain is thesimilarity in estimatesof thetotalvariance
for all analysesshown while thepartitioninginto invidualsourcesof variation
differs. Problemswith sharplydiverging estimatesof geneticandpermanent
environmentalvariancesfor the highestagesin this dataset wereobserved
beforeandattributedto thein�uence of atypicalrecordsat theupperextreme.

Similarly, estimatesof theaveragerP (Fig. 4) for theanalysesshown agree
well, rangingfrom 0.7 to 0.8 to about0.4. EstimatingK A with rank k0

A D 1
forcedall estimatesof thegeneticcorrelation(rA) betweenrecordsatdifferent
agesto beunity, while k0

A D 2 allowedfor adeclinein rA with increasinglag.
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Figure 4. Estimatesof (average)correlationsfor lags in agefrom geneticanalyses
(Grey line: permanentenvironmental,black andgrey line: genetic,andblack line:
phenotypic).

Figure 5. Estimatesof variances(left; in 1000kg2) andaveragecorrelations(right)
from multivariateanalysestreatingobservationsfor eachyearof ageasseparatetraits
(blackline: phenotypic,blackandgrey line: genetic,andgrey line: residual).

5. DISCUSSION

Whilstanalysesof longitudinal,spatialorsimilardataassumingaparametric
correlationstructureor covariancefunctionarecommonplacein otherareasof
appliedstatistics,they have found few applicationsin the analysisof animal
breedingdata,e.g. [1,37]. Harville [10] consideredauto-regressive random
effectsin linearmixedmodels,andsuggestedthatmodellingof dairy records
might be improved by consideringpermanentenvironmentaleffectsof cows
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asauto-regressiveratherthanconstantacrosslactations.�Randomcoef�cient�
modelsareoften found to beof little advantageandsomewhatcumbersome,
theresultingcovariancefunctionsgenerallyyielding lessreadilyinterpretable
resultsthan the parametersof a parametriccorrelationfunction. Moreover,
low degreepolynomialregressionstendto provide a poor �t for trajectories
with steepinitial increaseswhich then level off to gradually approachan
asymptote[3], p. 102,i.e. highorderpolynomialsandcorrespondingnumbers
of parametersareoftenrequiredto modelthecovariancestructurefor growth
curve typeof analyses.

In contrast,animalbreedershave embracedrandomregressionmodelsfor
the analysisof longitudinaldata,in particulartest-dayrecordsof dairy cows
and growth datafor pigs and beef cattle. This can be attributed to several
factors.

Firstly, quantitativegeneticanalysesareinvariablyconcernedwith thevari-
ation betweenanimals,while otherareasof statisticsareoften contentwith
modellingwithin-subjectcovariancesonly. Fitting asetof additivegeneticRR
coef�cients providesestimatesof geneticmerit for the whole rangeof ages
considered,andallowsrankingof animalsto changewith time. RRmodelsare
thusanobviouschoiceif weareconcernedwith (genetic)differencesbetween
individuals. Assuminga RR modeland resultingcovariancestructureon a
geneticlevel, it seemsnaturalto applythesamemodelto otherrandomeffects,
for instancepermanentenvironmentaleffectsdueto theindividual.

Secondly, parametricmodelsare usually formulatedassuminghomogen-
eousvariances. Variancesof �repeated� record traits of interestto animal
breeders,however, oftenchangewith time, if only dueto scaleeffects.While
extensionsto heterogeneousmodels by replacingsingle varianceswith a
(polynomial)VF arestraightforward,theseareseldomdescribed.RR models
accountfor changesin varianceswith time, andfor RR involving orthogonal
polynomials,do not requireany speci�c assumptionsaboutthe shapeof the
resultingVF.

Thirdly, estimatesof geneticcovariancematricesarising from RR model
analysescanbe thoughtof assmoothedversionsof correspondingestimates
from anunstructured,multivariateanalysistreatingrecordsatdifferentagesas
differenttraits. Covariancefunctionswhichgive covariancesbetweenrecords
at individual agesasfunctionof orthogonalpolynomialsof the agesandthe
elementsof a matrix of coef�cients (K ), have beendescribedas �in�nite-
dimensional�equivalentto covariancematricesin standardmultivariateana-
lyses. Estimatesof the eigenvaluesandeigenfunctionsof suchCFscan be
obtaineddirectly asthe eigenvaluesof K andfrom the correspondingeigen-
vectors. For geneticcovariancefunctions, thesestatisticsprovide valuable
insight into the effectsof selectionfor the trait considered.SeeKirkpatrick
etal. [16,17] for furtherdetails.
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Last, but not least,RR modelsprovide a computationallyfeasibleway to
estimateCF for large datasetswith recordscoming in at �all ages�, asare
typical for datafrom livestockrecordingschemes.EstimatingK asthematrix
of covariancesbetweenRR coef�cients requiresmixed model equationsof
sizeproportionalto the numberof regressioncoef�cients to be manipulated,
ratherthanproportionalto thenumberof agesor eventhenumberof records.
In contrast,generalalgorithmsfor the analysisof longitudinal data �tting
parametricCFor RFarefrequentlyformulatedin termsof thevariancematrix
of thevectorof observations,i.e. involve thelatter, e.g. [3], Chap.4.

Thispapershowshow thepreferredRRapproachfor geneticeffectscanbe
combinedwith a parametriccorrelationmodelfor within animalcovariances.
It extendsthemodelsuggestedby Foulley et al. [5] to a varietyof correlation
structures,both stationaryand non-stationary, and heterogeneousvariances.
An averageinformation algorithm for the estimationof the parametersfor
the covariance,varianceand correlationfunctionsdescribingthe dispersion
structurefor suchmodel, by REML is outlined. It involves computations
proportionaltothenumberof animalsandtheorderof polynomial�t for genetic
effects. Extensionsto modelsinvolving additionalsetsof RR coef�cients for
other randomeffects,e.g. maternaleffects,or morecomplicatedcorrelation
functionsarestraightforward.

Applicationtoadatasetof matureweightof beef cowsshowedthatassuming
a parametriccorrelationstructurefor within animalcovariancescanresultin
a considerablymore parsimoniousmodel than a RR model for permanent
environmentaleffects. The exampleshowed further that parametriccorrela-
tion functionscaneliminateerraticandinexplicableestimatesof correlations
betweenrecordsatextremeageswhichhavebeenencounteredwith aRR.Some
differentialpartitioningof thetotalvariancewasevidentthough.Thisoccurred
in particular, when both temporaryand permanentenvironmentalvariances
wereassumedheterogeneous.An alternative for this scenariomight be the
useof a link functionassuggestedby Foulley et al. [6], which would assume
a functionalrelationshipbetweenthetwo sourcesof variationandthusmight
not only reducethe numberof parametersrequiredfurther but alsoalleviate
problemsof erraticpartitioning.Furtherwork is requiredto examinetheeffect
of differentassumptionsaboutthe structureof within-animalcovarianceson
thepartitioningof thephenotypicvarianceand,thus,theirpotentialimpacton
estimatesof geneticparametersandpredictionsof breedingvalues.
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