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Abstract A randonregressiormodeifor theanalysiof repeated recordsn animalbreeding
isdescribedvhichcombinesrandonregressiorapproactior additve geneticandotherrandom
effectswith theassumptiorof a parametricorrelationstructurefor within animalcovariances.
Both stationaryandnon-stationaryorrelationmodelsinvolving a smallnumberof parameters
are considered. Heterogeneityin within animal variancesis modelledthrough polynomial
variancefunctions. Estimationof parameterslescribinghe dispersiorstructureof suchmodel
by restrictedmaximumlikelihood via an averageinformation algorithmis outlined. An
applicationto matureweight recordsof beefcow is given, andresultsare contrastedo those
fromanalysestting setsof randonregressiorcoefcients for permanenenvironmentakffects.

repeatedrecords/ random regressionmodel/ correlation function / estimation/ REML

1.INTRODUCTION

Randomregression(RR) modelshave becomea preferredchoicein the
analysisof longitudinaldatain animalbreedingapplications.Typical applic-
ationshave beenthe analysisof testdayrecordsin dairy cattleandgrowth or
feedintake recordsin pigs andbeefcattle; see,for instance Meyer [25] for
references.

RR modelsare particularly usefulwhenwe are interestedin differences
betweerindividuals,aswe obtaina completedescriptionof thetrajectoryi.e.
growth curve , over therangeof agesconsidered A popularmodelinvolves
regressionon (orthogonal)polynomialsof time. This doesnot requireprior
assumptiongboutthe shapeof the trajectory SuchRR have provento be
well capableof modelling changesn variation dueto distinct events, such
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asweaningin beef cattle [25], or seasonaln uences, e.g. [24]. However,

frequentlythis requiredhigh ordersof polynomial t, andthusa large num-
ber of parametergo be estimatedaccompaniedy extensve computational
requirementaindnumericalproblemsnherentto high orderpolynomials.

More generallyin the analysisof longitudinal data, within-subjectcov-
ariancesbetweenrepeatedrecordsare often assumedo have a parametric
correlatiorstructure.In thesimplesicasethismightrequireasingleparameter
tospecifycorrelationdetweernecordgogethemith otherparameterto model
variance®f records.A well-knovn exampleis theso-calledauto-correlation
structure. Other modelsinvolving a single parameteror low numbersof
parameterg2, 3, 4) to model a correlationfunction are available, e.g. [2,
11,29,31,40].

Pletcherand Geyer [33] presentedan applicationof suchmodelsin the
estimationof geneticcovariancefunctionsfor agedependentraitsin Droso-
phila. Their approachheameda polynomialvariancefunction (VF) to model
changesn varianceswith agewith a one-parametesorrelationfunction (RF)
to model correlationsbetweendifferent ages. However, estimationof the
resultingcovariancefunction(CF) useda reparameterisatioof the covariance
matrixamongall agesn thedata,asusedoy MeyerandHill [27]. Thisresulted
in computationatequirementgroportionalto the numberof agesin thedata.
Hence their proceduras not readilyapplicableto large datasetsarisingfrom
animalbreedingapplicationsvith numerouglifferentages.

Recently Foulley et al. [5] describedan Expectation-Maximizatiorype
restrictedmaximumlik elihood (REML) algorithmto estimatethe covariance
parametergor a modelwhich combineda RR approachto modelvariation
betweersubjectqe.g. genetic)with a singleparameteRF to describewithin
subjectcovariancesbetweenrepeatedecords. Their modelincludedup to
three parameterdo model the latter, namelythe parameterfor the RF, the
within subjectvarianceanda measuremerdrrorvariance.

Simplecorrelationmodeldik ethoseconsideredy PletcherandGeyer [33]
and Foulley et al. [5], generallyimply stationarity i.e. that the correlation
betweerobsenationsatary two timesdepend®nly onthedifferencebetween
them,the lag , not thetimesthemseles. This might not be appropriateor
animalbreedingapplications Non-stationaryorrelatioror covariancamodels
areavailable butusuallyinvolve moreparametersA commormodel,available
in standardstatisticalanalysegpackagesis the so-called ante-dependence
model [15]. A more parsimoniousvariant are structuredante-dependence
models[32]. Pourahmadj34] recentlyconsideredsuchmodelsin a general
mixed modelframenork.

This paperoutlinesREML estimationfor RR modelsin animalbreeding
applications,assuminga parametriccorrelationstructurefor within animal
covariancesbetweenrepeatedrecords. Both stationaryand non-stationary
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modelsareconsideredA numericakxamplecomprisingheanalysiof mature
weightrecordsof beefcowsis presented.

2.MODEL OF ANALYSIS

2.1. Randomregressionmodel

RR modelscommonlyappliedin animalbreedingincludeat leasttwo sets
of RR coefcients for eachanimal, representinglirect, additive geneticand
permanenervironmentaleffects, respectiely. Lety; denotethej-th record
for animali takenattimet;. Assumewe t RR onorthogonapolynomialsof
time or ageatrecording. The RR modelis then

g 1 K 1
Yii D Fij C aime.tij/ C gime.tij/ C fij (1)
mDO mDO

with F; denotingthe x ed effects pertainingto y; (oftenincludinga x ed
regressionon polynomialsof time at recording),aj, and g, the additive
geneti@andpermanengrvironmentaRR coefcients for animali, respectiely,
ka andkg the correspondingrdersof polynomial t, vp.tj/ the mth ortho-
gonalpolynomialof timet; (standardised applicable) andf;; thetemporary
environmentaleffector measuremenerror affectingy;.

Leta; D famgandgi D fgmg denotethe vectorsof RR coefcients for
animali of length ka and kg, respectiely. Assumea multivariate normal
distribution of recordsy;;, and

E[aj] DO Eg DO
Var.ai/ D K, Var.gi/ D Kg
Cov aj;0° DO Var.fi/ D Diag s?y

with K, D fKamigandKg D fKrmngthe matricesof covariancesamongRR
coefcients, ands?, thevarianceof measuremersgrrors.

Further let y; be the orderedvector of obserationsfor the i-th animal
(orderedaccordingto t;;), andy of lengthM representhe completevectorof

betweeranimalsareknown andtakeninto accountjncrementinghe number
of animalsin the analysisthroughinclusionof parentsvithout recordsto Na.

Let b of lengthNg denotethe vectorof x ed effectsto be tted with design
matrix X, anda of lengthks Na andg of lengthkrs N thevectorsof additive
geneticandpermanenervironmentalRR coefcients. Designmatricesfor a

andg have non-zeroelementsv,.t;/, i.e. orthogonalpolynomialsevaluated
for thetimesatwhich measurementrerecorded.
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Letv of sizeM kgN denoteghematrixof orthogonapolynomialsevaluated
for theagesn thedata,with non-zerdblock of sizen; kg for thei-th animal.
This is the designmatrix for g. The correspondingmatrix for a is v of
sizeM  ka Na, augmentedby columnsof zeroelementgor animalswithout
records.Finally, letf denotethe vectorof measuremergrrorscorresponding
toy. Thisgives

yDXbCvpaCvgCf 2

Let y andg be orderedaccordingto animals,a be orderedaccordingto RR
coefcients. With A denotingthe numeratorelationshigbetweeranimalsand
I n anidentity matrix of sizeN, this gives

Var.y/ Dva K, A viCv Iy Kgi v°C Diag s?,
DVAGVICRCS{DV (3)

With measuremerdrrorsassumedincorrelatedS; is diagonalandthe mixed
model equationsand matrix (MMM) pertainingto (2) canbe setup as for
univariate analyses. Moreover, if Sy D s?ly or Diag s?dg , s? canbe
factoredfrom the MMM andbe estimateddirectly from the residualsum of
square$22].

The covariancefunction due to permanentervironmentaleffects of the
animal(R) is estimatedhroughK ;. With R generallytted to reducedrder
i.e. kr smallerthanthenumbeliof agesn thedatatheresultingestimatef R, the
permanengernvironmentalcovariancematrix amongobsenations,is smoothed
and hasreducedrank. However, it doesnot have a pre-imposedstructure.
Whilst it is straightforvard to estimateK ; assuminga certainstructure this
doesnottranslataeadilyto R.

Equivalentmodel
We are, however, moreinterestedn imposinga structureon R thanK..
This canbeachievedby tting anequivalentmodelto (2)
yDXbCvpaCe (4)

with e of lengthM the vector of total ervironmentaleffects,i.e. the sum of
permanengffectsdueto theanimalandmeasuremergrrors. Thishasvariance

Var.ed DR DRC Sy )

LikeR, R isblockdiagonafor animals.Permanergrvironmentatovariances
betweerrecordgakenonthesameanimalaremodelledthroughnon-zerooff-

diagonalelementsn thei-th blockof R , R;. The MMM for (5) canbe set
up for one animalat a time, asfor standardnon-RRmultivariateanalyses.
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They canbethoughtof asderivedfrom the MMM for (2) by absorbingg, and
computationatequirementso factorthe MMM arethe samefor bothmodels.

Choosing(5) ratherthan (2), however, offers a much wider choice of
parameterisatioior R and R, and allows for a chosenstructureof R to
beimposedeasily

2.2. Parametric correlation structures
Decompose into the productof standardieviationsandcorrelations

RD SR’ CSy° ©6)

with Sg D Diag sgj the diagonalmatrix of permanenervironmentalvari-

ancesertainingtoy, andC D ¢k thecorrespondingnatrix of correlations.
C is blockdiagonafor animals.

2.2.1.Variance function

Heterogeneousarianceshave beenmodelledthroughVF, e.g. [6,33,34],
andthis hasbeenappliedto measuremergrrorvariancesn RR analyseg12,
25,35]. Similarly, we canmodelthej-th elementof Sk or S&* asa function
of theageat recordingt;. This canbe a stepfunctionor, asmorecommonly
useda polynomiagunction, For ir?stance,

XV
Sg;Dsgry 1C br )
1
\ r
sy D sty etC mibrh ®)
P
w v r XV
sgjDe Sro C o1 bty log sg; Dsgo C bt 9)

rD1

with sﬁo the varianceat the intercept,b, the coefcients of the VF andv
the orderof polynomial t. Eithervariancegw D 2) or standarddeviations
(w D 1) canbe modelledin thisway. Functions(8) and(9) areadvantageous
whenvariancesncreasexponentiallywith time. In addition,they requireless
restrictionson the parametersf the VF than(7) to ensurahatsEej > Oforall

in previousapplications)useof orthogonapolynomialsof t; maybepreferable
toreducesamplingcorrelationdetweerb, andthusimprovecorvergencevhen
estimatingtheseparameters.Alternatively, for applicationswherevariances
shav someperiodicity e.g. dueto seasonain uences, a VF involving both
polynomialandtrigonometricterms[4] maybebene cial. In otherinstances,
sgymentedpolynomials[7] may be ableto modelchangesn varianceswith
time with fewer parameters.
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2.2.2.Correlation function

Correlationsbetweenobsenations at different agescan be modelledas
a function of the agesand one or more parameterof the RE Correlation
functionsarestationaryif acorrelationbetweera pairof recordsdepend®snly
onthedifferencesn agesatwhichthey weretaken or lag ratherthantheages
themseles. Most popularRF, includingthosegivenby (11)to (19) below, fall
into this cateyory.

Compoundsymmetry

In thesimplestcase correlationdetweerall obsenationsfor ananimal(at
differentages)areassumedo bethesame.

1 for jDk
ik D 10
kP for j ® k (10)

with r acorrelation,ie. 1 < r < 1. This patternis generallyreferredto
as uniform correlationor compoundsymmetry(CS), and is the correlation
structureassumedh the standardrepeatabilitymodel analyse®ftenusedin
theanalysisof animalbreedingdata.

Auto-correlation
_ Let J K Dt ik denotethelagin_ agedor apairof re_zcordsyij; yik/ onthe
i-th animal. The so-calledpower, serialor auto-correlatioriunctionis then
Gk Dr ik (11)

with 1< r < 1asabove. Thisis the correlationstructuregeneratedy a
continuous-timesst orderauto-rgressve (AR(1)) process.

Exponentiaimodel
An alternatve way to modelthe correlationstructuregiven by (11) is the
exponentialEXP) model
¢gkDe h ik (12)
with h D log.r/ > 0. Again this parameterisatioman be adwvantageous

in termsof estimation,asit doesnot requirethe parameteof the RF to be
constrainedo anintenval.
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Gaussiarmodel

In someinstancesthe declinein correlationwith increasingag is steeper
than can be modelledwith an exponentialfunction of ‘j - In this case,the

so-calledGaussianGAU) exponentialmodel which uses‘jzk may be more
appropriate.
h‘.Z
ckDe ik (13)
Diggle et al. [3] emphasizehat in contrastto EXP, GAU is differentiable
at ', D 0, andthatfor a sufciently small time scaleGAU hassmoother
appearancthanEXP.

Othersingleparameterfunctions

OtherRF involving differentdistributionsbut only a single parametehave
beenexaminedby Pletcherand Geyer [33]. All yield correlationswhich
decreasavith increasindag. For instance,

1

¢k D coshph’; =2/ ! (15)

areRFsbhasedntheCaucly distribution, thehyperboliccosine thecharacter
istic functionof theuniformdistribution, andthe characteristiéunctionof the
triangulardistribution, respectiely.

Damped exponentialmodel

A more e xible modelcanbeobtainedoy addingasecondgarametek. This
is ascaleparametewhich allowstheexponentialdecayof theauto-correlation
functionto be acceleratedr attenuated Mufioz et al. [29] presentedhis for
theserialcorrelationmodel K

Gk Dr ik (18)
pointingoutthatfork D 1,k D Oandk D 1 , (18)reducesotheserialcorrela-
tion, compoundsymmetryand rst-order moving averagemodel,respectiely.
Alternatiely, (12) canbe expandedo

hK
cGkDe ik (29)

[11]. PletcherandGuyer[33] considerthis asRF basedon the characteristic
function of the generalstabledistribution, with restriction0 < k < 2. In the
following, (19)is referredto asdampedexponentia( DEX) model.
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Othertwo parameterfunctions

A modelwhich is not a specialcaseof DEX, is the RF generatechy a
second-ordeauto-rgressie processwhich hasparameterdeterminecdy the
correlationbetweerageswith lags1 and2 [29].

Any of theabore RF((11)to (19))canbemodi ed to allow for aproportiont
of thecorrelationindependenof ageeffects[11]

with ¢ afunctionof thelagin agesasmodelledabore, andt estimatedasan
additionalparamete(yielding athree-parametdRF if extending(19)).

Structuedante-dependenaeodel

Anotherclassof modelsemplo/edin the analysisof repeated recordsor
longitudinal dataare the so-calledante-dependenc@D) models,e.g. [15].
Thesearelooselyrelatedto time seriesmodels,in suchthatthej-th recordon
ananimaldepend®n andis correlatedo anumberof its predecessof8]. In
contrasto the parametriccorrelationstructuresonsideredofar, AD models
allow for non-stationargorrelations.

For an AD model of orders, AD(s), a recordy; in the orderedvector
of obsenationsy; for animali is assumedo dependat most on records

Yi.j us:i5 Y o, butto beindependenof ary otherprecedingobsenations
Yi.j s us:it; Yi1. Thisyieldsa correlationmatrix with elementson the rst

s subdiagonalsis variables,andthe elementsof the remainingsubdiagonals
(sC1;:::;n 1)determinedy theformer Consequentlythecorresponding

inverseis a bandedmatrix, with only the elementsof the leadingdiagonal
and rst s subdiagonalbeingnon-zerg[15]. Hence,for n differenttimesof
recording,anunstructuredAD(s) modelhas.sC 1/.2n §/=2 parameters
variancesandsn s.sC 1/=2 correlations.

Fors D 1, a rst-order AD model,therearen 1 correlationon the rst
sub-diagonabf thecorrelationmatrix, ¢; jcy. Theothercorrelationsaregiven
by a simplemultiplicative relation

1
Gk D Cq.qCV/ for jD1,nand kDjC2;n (21)
gbjCc1

[31]. Fors> 1,thefunctionalrelationshipwith theelement®f the rst ssub-
diagonalss morecomplicatedIn thatcase a parameterisatiom termsof the
inverseof thecorrespondingovariancematrix alsocalledthe concentration
matrix ofthe AD orit's Cholesly decompositioris oftenpreferred.

Whilst an AD(s) modelwith low s hasconsiderablylessparametershan
a full multivariate,unstructurednodel(which hasn.n C 1/=2 parameters)it
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canstill involve impracticallymary parameters Structued ante-dependence
(SAD) models[32] assumea functionalrelationshipbetweernthe parameters
of anAD model,andthusprovide amoreparsimoniousepresentatiorfirstly,
variancesare consideredo be a function of the time at measurementyith
thefunctioninvolving a smallnumberof parametersZimmermanetal. [39],
Nufiez-AntérandZimmermarn32] andPourahmadi34] considempolynomial
VFsasdescribedibore (see(7) to (9)). Secondlythe correlationsonthe rst
ssubdiagonalaredeterminedy thetimesof recordingand2s parameters;,
andky, respectiely:

f.tij;kk/ f.ti_j k/;kk/

G.jwDry for kD 1;s and jD kC L;n (22)
[32]withO< r < 1and
ki
t© 1 =k¢ for ky ® 0
f.tij;kk/D I ko TOT K (23)
log. t;;/ for ke D O

Function(23) appliesa deformation(Box-Cox power transformation}o the
time scale which facilitates non-stationarityof correlations. For k < 1
equidistantcorrelationsare increasingwith age. Corversely k > 1 implies
lower correlationsbetweenrecordswith equallag at higherages[39]. For
sD landk D 1, theRF (22) reducego (11), theauto-correlatioriunction.

3.ESTIMATION OF COVARIANCE AND CORRELATION
FUNCTIONS

Parametersof covariance,correlationand variancefunctions are readily
estimatedby restrictedmaximum likelihood (REML). This may involve a
derivative-freeprocedurean Averagdnformation (AI-REML) algorithm[8]
or an Expectation-Maximizatior(EM) algorithm, as describedby Foulley
et al. [5]. Various authorsconsiderREML estimationin the analysisof
longitudinalor spatialdata,but oftendo not go furtherthanspecifyingthelog
likelihoodandusinga simplesearctproceduresuchasthe simplex methodof
NelderandMead[30], to locateits maximum,e.g. [3,31,39]. Othersdescribe
maximumlik elihoodestimationusing Newton-Raphsortype algorithms,e.g.
[13,18,29]. Gilmouretal. [8] considerAl-REML estimationfor modelswith
correlatedesidualsn ageneraformulation.

3.1. Thelikelihood
TheREML log likelihoodfor (4) is

2logL D constC logjGj C log R C logjCuj C yPy (24)
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whereCy, is the coefcient matrix in the mixed model equationpertaining
to (4) andy®Py is the sumof square®f residuals Both y®Py andlogjCuj can
be evaluatedsimultaneoushasdescribedy Graseretal. [9], by factoringthe
correspondindg/ MM

2 3
XOR / X XOR / vp XOR [ty
MD4v3.R/ X VQR/ WaCK,t ALVOR/ Iy (25
yoR / X YOR [ tva YR/ ly

M is large but sparsewith Nyy D Ng C ka Na C 1 rows andcolumns.For R
blockdiagonait canbe setup for oneanimalat a time, asfor corresponding
multivariateanalyses FactoringM into LL °with L alower triangularmatrix
with elementd;; (I D Oforj > i) gives

1
logjCmj D 2 log lkk and (26)
kD1
quy D II%IM Nm (27)

e.g. [28]. Theothercomponentsf (24) canbe evaluatedas
0gjGj D NalogjKaj C kalogjA] and (28)

X
log R D logjRi C Syij (29)

iD1

Thisinvolvesdeterminantef smallmatricesonly, of sizek, andthenumber
of recordgor eachanimal respectiely. For somecorrelatiorstructuresglosed
forms for the correspondingnversecorrelationor covariancematricesand
determinantgxist. In somecasesin particularfor analysegassumingss D O,
this canbe exploitedto reducecomputationatequirements$o evaluate(29).

3.2. AI-REML algorithm

Maximisationof logL via AI-REML requiresrst dervativesof (24) and
the averageof obsered and expectedinformation[8]. The latteris propor
tional to secondderivatives of the datapart, yPy, of the likelihood. These
canbe determinedasfor standardnultivariateanalysesusing sparsematrix
inversionandrepeatedolutionof themixedmodelequation$19] or automatic
differentiationof the MMM [20].
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3.2.1.First derivatives

Derivatives of logjCyj and yPy can be determinedthrough automatic
differentiationof the Cholesly factorof M, asdescribedy Smith[36]. This
requireghederivativesof M with respecto theparameterso beestimated.

20 0 0>
M 580 Kk Fays Aol (30)
@Amn 0 Amn 0

for covarianceamongthe RR coefcients for additive geneticeffects,a;. The
dervative @ ,=@amn haselementf unity in positionmnandnmandzero
otherwise.Hence,

1@(A

K
A @Amn

K,'D

2 zd“” KIMKRS C KK s

with K" themnth elemenibof KA1 andd,,, Kronecler'sdelta,i.e. dy, D 1 for
m D nandO otherwise.Similarly,

2 3
@/I Xct?RX X(QRVA XbRy
—— D 4vIQrX vOQrva VOQrYy5 (32)
yOrX YQrVa YRQRrY
with
@
R/ 1=,
@

andhg standingn turnfor the parametersf the permanenenvironmentaVF
(P), s&, andregressiorcoefcient by, the parametersf the CF r or handk,
andtheparametersf the VF for measuremergrrorvariancegE).

Let@ =@k, with elementsd; =@, denotehederivative of L with respecto
hr obtainedby differentiationof L asdescribedy Smith[36]. Firstderivatives
of thelasttwo termsin (24) arethen[28]

QrD R/ !

@ogjCij D W 1 @

2 Iy — d 33

o W o
@(Py @\IM Nwm

——= D2l _— 34

@ Nut N (34)
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Derivativesof the othertwo termsin (24) canbe evaluatedndirectly

@9IG] b Nyt K, FEA D2 gy NAKDT (35)
Amn @Amn
@og R X 1 @R

=90 pl oy RryEN 36

@ e >

iD1

For R linearin the parameterso be estimated(36) simpli es analogously
to (35),se€[28].

3.2.2.Secondderivatives

AlI-REML algorithms[8,14,19,20] have generally consideredthe case
whereV is linear in the parameterdo be estimated,as, for instance,for
standardnultivariateanalyses.This givessecondderivativesof V which are
zero,andtheaverageof observed and expected informationfor parameters
h andh is equalto

1 @ &

Zy%@'( P @SPy (37)
For caseswhereV & i o b-@/=@,/, as for our parameterisatiornf the
residualcovariancematrix in termsof a varianceand parametriccorrelation
function, secondderivatives of V are non-zero. For suchmodels,Gilmour
et al. [8] suggesto approximatehe exactaverageby a simpli ed average
information. This is derived by approximating@y®Py=@ @ by its expecta-
tion. Asymptoticallythetwo arethe same.Computationallythisis equivalent
to ignoringextra termsinvolving non-zercsecondderivativesof V.

Rewrite (37) asb?Pbs with b, D @/=@Py. For h D Kamn,

2 Xa
Kat Iy, ®D G

MAmn gD1

Ka%anCKavam & (38)

with v oq anday denotinghesub-matrixof v o andsubvectorof & respectiely,
for the g-th RR coefcient. Similarly, for h, a parameternf R and©®D

y X Va8 A |
b, D a CEIR/T © (39)
|
iD1 @
where © denotesthe direct matrix sum. As shovn previously [20],
crossproducth’Pbs can be evaluatedby replacingy in (25) with B D
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byjbyj:::jbp , @ matrix containingone columnb; for eachparameterand
expandingthe MMM to

2 3
c X°R/ 1B
M vQ.R/ BS (40)
BOR/ IXB°R/ va BOR/ 1B

Mg D 4

FactoringM g thenoverwritesBPB with elementPhbs. With the Cholesly
factor of Cy alreadyevaluated(in factoring M), this is computationally
undemanding.

3.2.3.Derivativesof R

Evaluationof Qg (33),the rst derivativesof R (36)andvectorsh, pertain-
ing to parametersf R (39) requireghepartialderivativesof R with respect
to the parameterto be estimatedaswell asproductsandtracesinvolving the
inverseof R . Correspondingermsfor the parametersf a polynomialVF for
measuremerdrrorvariancesindermodel(2), i.e. thesimplecaseof adiagonal
residualcovariancematrix, have beengivenby Meyer[25].

Correlationfunction

ForlkDr;hork

% DL:,;Z@sR D SRJ%st (41)

Derivativesof ¢; needto bedeterminedor eachRF separatelyFor instance,
for theauto-correlatioriunction, (11) or (18)

@]k 1

@ I(r Jk (42)

%kDr ik kInr/ln i (43)
Similarly, for anexponentiaimodel, EXP (12), GAU (13) or DEX (19),

% D ke Mi (44)

%D nKin, Je e (45)

with x edvaluesfor k whereappropriate.
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Tablel. Derivativesof permanengenvironmentalstandarddeviationswith respecto
parameter®f functionsmodellingchangesn variancesor standarddeviationswith
time.

Function® Standardeviation Variance

@ri=@ro @ri=@ @ri=@3, Gri=@

P 1 1
w w \Y r X r —2 1a2 4r
SgiDsgg 1C  [py b, t SRj=SR0 Sro tj EstzsRo ESRi Skotj
sW D sY ex n1CP" b tro SRi=S Sgi t 15 i=s2 13 it
Rj Ro &XP rp1 Pr §j Rj=SR0 Riti  5SRiTSRo >SRiY
sWDexnsWCP" btro SRi Sgi t 1s- 1s-tr
Rj P Sro rp1 Or Rj Rj §j 5SRi 5SRil

@ w D 1to modelstandardieviations,w D 2 to modelvariances.

Variancefunctions

Derivativesof the diagonalmatrix of measuremergrrorvariancesare

« )
% D Diag % (46)

with h standingfor the parametersnodelling changesn temporaryervir-
onmentalvariancesover time. Expressiondor parameter®f a VF, E, are
analogougo thosegivenbelav for permanenernvironmentalvariances.

@ @®BR; @Rk

— D ——CSrkC SRiCik—— 47)

@ Or’ G
Derivativesof sg; dependnthefunctionandparameterisatioohosen Values
of @gj=@k for functions(7) to (9) to model either standarddeviations or
variancesaresummarisedh Tablel.

4. APPLICATION

4.1. Data

Dataconsistedf Januaryweightsof PolledHerefordbeefcows betweer?
and10 yearsof age,analysedreviously tting RR on Legendrepolynomials
of agefor both additive geneticand permanentrvironmentaleffects of the
animal[23].
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Recordsoriginatedfrom a selectionexperimentcarriedout at the Wokalup
researclstationin the SouthWestof WesternAustralia; see[26] for details.
With a Mediterraneartlimate, characterisethy Winter and Springrainsand
pasturegrowth, and subsequenalmost completedroughtin Summerand
Autumn, Januaryweighingstendedto recordcows at their top weightduring
theyear Shortmatingperiodsresultedn thebulk of calvesbornin April and
May eachyear Agesatweighingfor recordsselectedhusrangedirom 19 to
119monthswith upto 9 weightspercow. In totaltherewere3320recordson
850 cows, offspring of 149 siresand423 dams,with 165,153,103,124, 83,
75,47,50and50animalshaving 1, 2, : ::, 8 and9 recordsavailable.

4.2. Analyses

Datawereanalysedassuminga parametriccorrelationstructurefor covari-
ancedetweerrecorddakenonthesameanimal. ModelsCS,EXP, GAU, DEX
and SAD were consideredteamedwith polynomialfunctionsto modelper
manenervironmentaktandardieviations((7) withw D 1) of orderv D Oto 7.
Measuremengrror variancesverein turn considerechomogeneouée D 1),
to berepresentedly a polynomialfunction((7) with w D 1) asfor permanent
ervironmentaleffects, or to changewith yearof age, tting a stepfunction
withe D 7 classeg2,3,4,5,6,7,8 10 years)asin previousanalyse$23]. In
thefollowing RF.VFv.Ee denotesananalysistting correlationfunctionRF
with polynomialfunctionP for permanenérvironmentalstandardeviations
to orderv, ande measuremergrrorvariances.A model tting a polynomial
functionE for temporaryervironmentaktandardieviationswith vPcoefcients
is describedas RF.VFV.E1+VRP . For example, SAD.VF3.E1 represents
ananalysisassuminga structuredante-dependenaaodelfor the correlations
betweerrecordgor ananimalwith acubicvariancgunctionto modelchanges
in permanenérnvironmentalariance®vertime,andtemporaryernvironmental
effectswhich areconsideredo have homogeneousgariances.

For comparisondatawere also reanalysedassumingpermanengrnviron-
mentalcovariancegollowedapatternasdescribedy tting asetof RR coef-
cientsonLegendrepolynomialgLP) of ageatrecordingj.e.R D vK ;v% Asin
previousanalysesestimatesf K ; wereforcedto have reducedank,by setting
eigervalueslessthan0:001to zero,thusreducingthe numberof parameters
to beestimatedaccordingly In thefollowing, LP.Rkgrrk3.Ee(+VFV) denotes
ananalysistting LPsfor permanenenvironmentaleffectsto orderkg, with
estimatectovariancematrix of rankk$ (othertermsasabove).

Analyseswere rst carriedoutona phenotypic level,assumingll covari-
ancesdetweerrecordsweredueto animals'permanergrvironmentaleffects.
This facilitated computationallyundemandingexaminationof a wide range
of variancefunctionsand correlationstructures.Secondly analysesallowed
for (co)variancesetweerindividualsby tting RR coefcients onLPsof age
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dueto animals'additive geneticeffects,incorporatingall pedigregnformation
available. AkArkg denotesananalysistting LPsto orderka with estimated
covariancematrixK , of rankkg.

As in previousanalysesx edeffects tted includedcontemporargroups,
de ned asyearpaddocksubclassesnda cubicregressioron Legendrepoly-
nomialsof age. Parameter®f variance correlationandcovariancefunctions
were estimatedoy REML, using a combinationof derivative-free and Al-
REML algorithms. Analyseswere carriedout usingprogramDxMRr? [21],
extendedto accommodatenodel(4) with parameterisatioof R asdescribed
above.

Resultdfrom differentanalysesverecomparedy examiningestimatedari-
ancesandcorrelationdor agesrepresenteth thedata. In addition,maximum
valuesof logL andthe REML formsof Akaike's (AIC) andSchwarz' (BIC)
informationcriterion, e.g. [38] werecontrasted.

4.3. Results
4.3.1. Phenotypic analyses

Resultsfrom analysesgnoring variationbetweeranimalsare summarised
in Tablell. Valuesof logL areclearlydominatedoy the orderof t for VF
P andthe degreeof heterogeneityallowed for measuremergrror variances.
Fore D 1, P neededo bea cubicor higherorderpolynomial,for estimates
of variancesat meanagenot to be drasticover or underestimates=stimated
correlationsbetweenrecordsone monthapartwere closeto unity. At equal
orderof t for P, v, two-parameteRFs(DEX andSAD) yieldedhigherlogL
thansingle parameteRFs(CS, EXP and GAU), but therewasno adwantage
of thenon-stationanBAD over the stationarydampecdexponentialcorrelation
structure.

Assuminghomogeneous?, parametricRF hadhigherlogL thananalyses
tting LP involving similar numbersof parametergpresumablypecausenore
parametersvereavailableto modelchangesn variationwith time. Fore D 7,
however, therewas little difference,with the heterogeneousf2 accounting
for differencedn variationnot modelledby covariancefunctionR. Model

DEX.VF3.E7 with 13 parameterdiad minimum AIC, thoughthe corres-
pondinglogL wasnot very differentfrom thatfor LP.R4r2.E7. Involving
a more stringentpenaltyfor the numberof parameterstted, BIC suggested
that EXP.VF3.E1 with only six parametersufced to modelthe covariance
structureadequately

Estimatedvariancedor selectedanalysesareshavn in Figurel, andcor
respondingcorrelationsare given in Figure2. Fore D 1 andv 4 or

1 availableaspartof DFRemL 3.0from http://aghu.une.edu.au/~krger/dfreml.html
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Figure 1. Estimateof variancegSolid blackline: phenotypicgrey line: animaland
dottedline: measurememrror, with thick area%flinerepresentinggesn thedata;
in 1000kg?) from phenotypicanalyses.

v D 3 togethemwith heterogeneous?, estimatesf thetotal variancediffered
little betweermodelsof analysesDifferencesverelargestatthehighestages
whichwererepresenteddy comparatrely few recordonly. For DEX, however,

estimatesf s? wereconsistentlyjower thanfor theothermodelsjn particular
if aVF E was tted ore> 1.

As shawn in Figure2, correlationfunctionsEXP andDEX force estimates
of within-animal correlationsbetweenrepeatedrecordsto decreasestead-
ily with increasinglag. Correspondingohenotypiccorrelation(rp) estim-
atesfollow a similar pattern,but uctuate if variancesare heterogeneous.
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Figure 2. Estimate®f (average)orrelationdor lagsin agefrom phenotypianalyses
(Grey line: animal,thick blackline: phenotypicthin blacklines shaving rangesor
phenotypiccorrelations).

Henceaveragevaluestogetherwith their rangesare shavn for rp. Whilst
EXP and DEX imply stationarityfor rg, analysestting LPs do notimpose
this restriction,and valuesfor rg shavn are averages(with ranges),as for
re. Previous analysestting LPs[23] had reportedan inexplicable peakin
estimatesor rg betweenthe youngestand oldest ages, and attributed this
to samplingvariation. This peakis re ected in increasesof the average
estimateof rg for lags of more than 70 monthsfor analysesLP.R4r3.E1
and LP.R4r3.E7. Similarity in valuesof logL andestimate®f variancegor
the latterand DEX.VF3.E7 suggestshatdifferencesn estimatesf rg are
indeedspurious.
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. A3r1.DEX.VF5.E1 A3r2.DEX.VF5.E1 A4r2.LP.R4r2.E1
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7 J
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Figure 3. Estimate®f variancezomponentfrom geneticanalysegThick blackline:
phenotypic,black and grey line: genetic,grey line: permanenenvironmentaland
dottedline: measuremergrror, with thick areasrepresentinggesin the data; in
1000kg?).

4.3.2.Geneticanalyses

Table lll gives resultsfrom analysestting a setof RR coefcients for
animals'additive geneticeffectsin addition. Clearly, thereis variationbetween
individualswhich shouldnotbeignored. Likelihoodsincreasedipto ka D 4,
the orderof t identi ed previously [23]. Fitting K , with rankk? D 2 was
sufcient throughout. Again, BIC favoureda modelwith homogeneous?,
A3rl.DEX.VF5.E1 with 12 parameterswhile AIC selectedthe model of
previousanalyses,A4r2.LPR4r2.E7 with 21 parameters.

Estimatesof variancesand correlationsfor the best modelsand others
closely relatedto them are shavn in Figures3 and 4, respectiely. For
comparisongorrespondingstimatedrom a standard multivariateanalysis
treatingobsenationsateachyearof age(2 to 10) asadifferenttrait aregivenin
Figure5. Mostnotableagainis thesimilarity in estimate®f thetotal variance
for all analyseshawvn while the partitioninginto invidual sourcef variation
differs. Problemswith sharplydiverging estimatef geneticandpermanent
ervironmentalvariancesfor the highestagesin this datasetwere obsenred
beforeandattributedto thein uence of atypicalrecordsatthe upperextreme.

Similarly, estimate®f theaveragerp (Fig. 4) for theanalyseshovn agree
well, rangingfrom 0.7 to 0.8 to about0.4. EstimatingK , with rankk3 D 1
forcedall estimate®f thegeneticcorrelation(r ) betweernrecordsat different
agesto beunity, while k§ D 2 allowedfor adeclinein r, with increasindag.
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Figure 4. Estimatesf (average)correlationsfor lagsin agefrom geneticanalyses
(Grey line: permanenervironmental,black andgrey line: genetic,andblack line:

phenotypic).

Figure 5. Estimatesf variancegleft; in 1000kg?) andaveragecorrelationgright)
from multivariateanalysesreatingobsenationsfor eachyearof ageasseparatéraits
(blackline: phenotypichlackandgrey line: geneticandgrey line: residual).

5. DISCUSSION

Whilstanalyse®f longitudinal spatialor similardataassumingparametric
correlationstructureor covariancefunctionarecommonplacén otherareasof
appliedstatistics,they have found few applicationsn the analysisof animal
breedingdata,e.g. [1,37]. Harville [10] consideredauto-rgressie random
effectsin linear mixed models,andsuggestedhat modellingof dairy records
might be improved by consideringoermanenervironmentaleffects of cows
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asauto-rgressieratherthanconstanacrosdactations. Randomcoefcient
modelsare oftenfoundto be of little advantageandsomevhat cumbersome,
theresultingcovariancefunctionsgenerallyyielding lessreadilyinterpretable
resultsthanthe parameter®f a parametriccorrelationfunction. Moreover,
low degreepolynomialregressiongendto provide a poor t for trajectories
with steepinitial increaseswvhich then level off to gradually approachan
asymptotd3], p. 102,i.e. high orderpolynomialsandcorrespondingumbers
of parameterareoftenrequiredto modelthe covariancestructurefor growth
curvetypeof analyses.

In contrastanimalbreederhave embracedandomregressiomrmodelsfor
the analysisof longitudinaldata,in particulartest-dayrecordsof dairy cows
and growth datafor pigs and beefcattle. This canbe attributedto several
factors.

Firstly, quantitatve geneticanalysesreinvariably concernedvith the vari-
ation betweenanimals,while otherareasof statisticsare often contentwith
modellingwithin-subjectcovariance®nly. Fitting asetof additve geneticRR
coefcients provides estimatef geneticmerit for the whole rangeof ages
consideredandallows rankingof animalsto changewith time. RRmodelsare
thusanobviouschoiceif we areconcernevith (genetic)ifferencedetween
individuals. Assuminga RR modeland resultingcovariancestructureon a
genetidevel, it seemsaturatto applythesamemodelto otherrandomeffects,
for instancgpermanenervironmentaleffectsdueto theindividual.

Secondly parametricmodelsare usually formulatedassuminghomogen-
eousvariances. Variancesof repeated recordtraits of interestto animal
breedershowever, oftenchangewith time, if only dueto scaleeffects. While
extensionsto heterogeneousnodels by replacing single varianceswith a
(polynomial)VF arestraightforvard, theseareseldomdescribed RR models
accountfor changesn varianceswith time, andfor RR involving orthogonal
polynomials,do not requireary speci ¢ assumptionsboutthe shapeof the
resultingVF.

Thirdly, estimatesof geneticcovariancematricesarisingfrom RR model
analysesanbe thoughtof assmoothedversionsof correspondingestimates
from anunstructuredmultivariateanalysidreatingrecordsat differentagesas
differenttraits. Covariancefunctionswhich give covariancedetweerrecords
at individual agesasfunction of orthogonalpolynomialsof the agesandthe
elementsof a matrix of coefcients (K), have beendescribedas in nite-
dimensional equialentto covariancematricesin standardmultivariateana-
lyses. Estimatesof the eigervaluesand eigenfunctionof suchCFscanbe
obtaineddirectly asthe eigervaluesof K andfrom the correspondingigen-
vectors. For geneticcovariancefunctions,thesestatisticsprovide valuable
insightinto the effects of selectionfor the trait considered.SeeKirkpatrick
etal. [16,17] for furtherdetails.
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Last, but not least,RR modelsprovide a computationallyfeasibleway to
estimateCF for large datasetswith recordscomingin at all ages, asare
typicalfor datafrom livestockrecordingschemesEstimatingk asthe matrix
of covariancesbetweenRR coefcients requiresmixed model equationsof
size proportionalto the numberof regressioncoefcients to be manipulated,
ratherthanproportionalto the numberof agesor eventhe numberof records.
In contrast,generalalgorithmsfor the analysisof longitudinal data tting
parametricCF or RF arefrequentlyformulatedin termsof the variancematrix
of thevectorof obsenrations,i.e. involve thelatter, e.g. [3], Chap.4.

This papershavs how the preferredRR approactior geneticeffectscanbe
combinedwith a parametriccorrelationmodelfor within animalcovariances.
It extendsthe modelsuggestedby Foulley etal. [5] to avariety of correlation
structures poth stationaryand non-stationaryand heterogeneousariances.
An averageinformation algorithm for the estimationof the parametergor
the covariance,varianceand correlationfunctionsdescribingthe dispersion
structurefor suchmodel, by REML is outlined. It involves computations
proportionatothenumberof animalsandtheorderof polynomialt for genetic
effects. Extensiondo modelsinvolving additionalsetsof RR coefcients for
otherrandomeffects, e.g. maternaleffects, or more complicatedcorrelation
functionsarestraightforvard.

Applicationto adatasetof matureweightof bed covsshavedthatassuming
a parametriacorrelationstructurefor within animalcovariancescanresultin
a considerablymore parsimoniousnodel than a RR model for permanent
ervironmentaleffects. The exampleshaved further that parametriccorrela-
tion functionscaneliminateerraticandinexplicable estimate®f correlations
betweerrecordsatextremeagesvhichhavebeenencounteredith aRR.Some
differentialpartitioningof thetotal variancevasevidentthough. Thisoccurred
in particular when both temporaryand permanenervironmentalvariances
were assumedeterogeneousAn alternatve for this scenariomight be the
useof alink functionassuggestedby Foulley etal. [6], which would assume
afunctionalrelationshipbetweerthe two sourcef variationandthusmight
not only reducethe numberof parametersequiredfurther but alsoalleviate
problemsof erraticpartitioning. Furtherwork is requiredto examinetheeffect
of differentassumptionsboutthe structureof within-animal covarianceson
the partitioningof the phenotypicvarianceand,thus,their potentialimpacton
estimate®f geneticparameterandpredictionsof breedingvalues.
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