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ABSTRACT

Multivariate analyses to estimate genetic covariance matrices are generally subject to substan-
tial sampling variation and bias in the estimates of genetic eigenvalues. The paper explores
the use of regularization techniques to obtain better estimates. After a review of the under-
lying principles of statistical risk, shrinkage estimators and penalized maximum estimation,
a restricted maximum likelihood procedure is described which implements the equivalent to
‘bending’ within ‘animal model’ type analyses. This is achieved by imposing a penalty on the
deviation of the canonical eigenvalues (i.e. the eigenvalues of the product of the genetic and the
inverse of the phenotypic covariance matrix) from their mean, and can be interpreted as ‘bor-
rowing strength’ from the phenotypic covariance matrix, which is generally estimated much
more accurately than the genetic covariance matrix. A simulation study demonstrates that pe-
nalized estimation can substantially reduce the average loss in estimates, i.e. the deviation of
estimates from population values, even for analyses of moderate dimensions. Improvements
in estimates are largest for small samples and scenarios where the population canonical eigen-
values are close together. An application to data from beef cattle is given showing the effects
of regularization on estimates of heritabilities and correlations. While penalized estimation
increases the computational requirements it can be recommended for multivariate analyses in-

volving more than a few traits and problems with limited data.

INTRODUCTION

Problems inherent in multivariate estimation of covariance components, especially for small
samples or larger numbers of variables (traits), are well known. These arise predominantly from
sampling variation, in particular the over-dispersion of sample eigenvalues, and are exacerbated
when two or more matrices have to be considered simultaneously, as for genetic parameter

estimation.

There has been longstanding interest in the ‘regularization’ of covariance matrices, in partic-
ular for cases with a the ratio between the number of observations and the number of vari-
ables is small. A variety of recent studies employed such techniques for the analysis of high-
dimensional, genomic data. In general, this involves a compromise between additional bias

and reduced sampling variation of ‘improved’ estimators which have less statistical risk than



30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

K.M. & M.K. August 4, 2009 Bending over backwards

standard methods; see BickeL and L1 (2006) for a review. For instance, various types of shrink-
age estimators of covariance matrices have been suggested which counter-act upwards bias of
the largest and downwards bias of the smallest eigenvalues by shrinking all sample eigenvalues
towards their mean (see below for references). Often this is equivalent to a weighted combina-
tion of the sample covariance matrix and a target matrix, assumed to have a simple structure.
A common choice for the latter is an identity matrix. This yields a ridge regression type for-
mulation (HoerL and Kennarp, 1970). Numerous simulation studies in a variety of settings
are available which demonstrate that regularization can yield closer agreement between esti-
mated and population covariance matrices, less variable estimates of model terms or improved

performance of statistical tests.

In quantitative genetic analyses, we attempt to partition observed, overall (phenotypic) co-
variance matrices into their genetic and environmental components. Typically, this results in
strong sampling correlations between them. Hence, while the partitioning into sources of vari-
ation and estimates of individual covariance matrices may be subject to substantial sampling
variances, their sum, i.e. the phenotypic covariance matrix, can generally be estimated much
more accurately. This has lead to suggestions to ‘borrow strength’ from estimates of pheno-
typic covariances matrices in estimating the genetic matrices. In particular, Haves and HiLL
(1981) proposed a method termed ‘bending’” which involved regressing the eigenvalues of the
product of the genetic and the inverse of the phenotypic covariance matrix towards their mean.
One objective of this procedure was to ensure that estimates of the genetic covariance matrix
from an analysis of variance were positive definite. In addition, the authors showed by sim-
ulation that shrinking eigenvalues even further than needed to make all eigenvalues positive
could improve the achieved response to selection when using the resulting estimates to derive
weights for a selection index, especially for estimation based on small samples. Subsequent
work demonstrated that ‘bending’ could also be advantageous in more general scenarios such

as indexes which included information from relatives (MEYER and HiLr, 1983).

Modern, mixed model ("animal model’) based analyses to estimate genetic parameters using
maximum likelihood or Bayesian methods generally constrain estimates to the parameter space,
so that estimates of covariance matrices are positive semi-definite. However, the problems aris-
ing from substantial sampling variation in multivariate analyses remain. In spite of increasing
applications of such analyses in scenarios where data sets are invariably small, e.g. the analy-

sis of data from natural populations (e.g. Kruuk et al., 2008), there has been little interest in
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regularization and shrinkage techniques in genetic parameter estimation, other than through the
use of priors in a Bayesian context. Instead, suggestions for improved estimation have focused
on parsimonious modelling of covariance matrices, e.g. through reduced rank estimation or
by imposing a known structure, such as a factor-analytic structure (KirkpaTRICK and MEYER,
2004; MEYER, 2009) or by fitting covariance functions for longitudinal data (KIRKPATRICK ef al.,
1990). While such methods can be highly advantageous when the underlying assumptions are,
at least approximately, correct, data driven methods of regularization may be preferable in other

scenarios.

This paper explores the scope for improved estimation of genetic covariance matrices by im-
plementing ‘bending’ within ‘animal model’ type analyses. After a review of pertinent statis-
tical literature, we describe a penalized restricted maximum likelihood (REML) procedure for
estimation and present a simulation study demonstrating the effect of penalties on parameter
estimates and their sampling properties. In addition, an application to data from beef cattle is

shown.

REVIEW: PRINCIPLES OF PENALIZED ESTIMATION

In broad terms, ‘regularization’ in statistics refers to a scenario where estimation for ill-posed or
over-parameterized problems is improved through use of some form of additional information.
Often, the latter is comprised of a penalty for a deviation from a desired outcome. For example,
in fitting smoothing splines a ‘roughness penalty’ is commonly employed to place preference
on simple functions (GrReeN, 1998). This section reviews some of the underlying principles of

‘improved’ estimation of covariance matrices.

Minimizing statistical risk

A central term in estimation is that of risk, defined as expected loss, arising from the inevitable
deviation of estimates from the underlying population values. Consider a set of g normally
distributed variables with population covariance matrix X, recorded on n individuals, and esti-
mator £. Common loss functions considered are the entropy (L) and quadratic (L,) loss (JAMES

and STEIN, 1961)
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,ﬁ‘.) =tr (Z_lﬁ) —log |E‘1ﬁ| -q and (1)
2

A A 2 A
Lz( ,z) = tr(z—‘Z—I) = tr(z—‘ ():—2)) (2)
The quadratic loss is proportional to the mean square error. One property of L, is that it imposes

a heavier penalty for over- than for underestimates.

A natural estimator for X is a scalar multiple of the matrix of sums of squares and cross-
products among the g variables, S. In this class of estimators, the sample covariance matrix
S/d with d the degrees of freedom, i.e. the usual, unbiased estimator minimizes the L, risk,

while S/(d + g + 1) yields the minimum risk estimator under loss function L, (e.g. Harr, 1980).

Improved estimators of covariance matrices

There is a considerable body of literature on ‘improved’ estimators of covariance matrices.
These are generally biased, but have a lower risk than the standard, unbiased estimator (sample
covariance matrix). Several studies derived the risk for a certain class of estimator and given
loss function, and presented estimators which ‘dominate’ over other estimators followed by
a simulation study to demonstrate their properties. Others obtained estimators using a differ-
ent motivation, such as minimax or empirical Bayesian estimation; see Kusokawa (1999) and

Horrmann (2000) for reviews.

Sampling variation causes the largest eigenvalues of a covariance matrix to be overestimated
and the smallest eigenvalues to be underestimated, while their mean is expected to be unbi-
ased. Hence, attention has focused on estimators which modify the eigenvalues of the sam-
ple covariance matrix whilst retaining the corresponding eigenvectors. The impetus for this
is generally attributed to SteiN (1975), but similar suggestions can be found earlier, for in-
stance, in LAwLEY (1956). Let @; denote the i—th eigenvalue of the sample covariance ma-
trix. Stein’s proposal then consisted of an adaptive shrinking obtained by scaling each @; by
d/(d—q+1+20; 3 ;./(0i— b )~"). The resulting estimator minimizes the entropy loss but does
not preserve the order of eigenvalues nor ensure non-negativity. Hence, later work often com-
bined this with order preserving measures such as an ‘isotonizing’ regression (which restores
order by merging values out of line) or truncation at zero (DeEy and SriNivasan, 1985; Lin and

PeErLMAN, 1985; YE and Wang, 2009).
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A simple modification scheme entails the linear shrinkage of the sample eigenvalues towards
their mean. It can be shown that this yields an estimator which is a weighted combination
of the sample covariance matrix and an identity matrix. Considering a quadratic loss func-
tion, Leporr and WoLr (2004) derived an optimal shrinkage factor p € [0, 1] which minimized
the risk associated with the estimator pwl + (1 — p)S/d , with I an identity matrix and @
the mean (sample) eigenvalue. DanieLs and Kass (2001) argued that, due to the nature of
the quadratic loss, such estimator could result in over-shrinkage, in particular of the smallest
eigenvalues, when the true eigenvalues were far apart. Instead the authors proposed an esti-
mator derived by assuming a prior normal distribution for the eigenvalues on the logarithmic
scale, approximated as log(@;) o« N (log(w;), 2/n). This resulted in modified values of the form
@; = exp (plog(@) + (1 — p)log(w;) (with log(@) the mean of log(®;), i.e. again involved a re-
gression towards the sample mean, but on a different scale. Warton (2008) proposed a similar,
regularized estimator of the sample correlation matrix R, pﬁ + (1 — p)I, and showed that this
was the penalized maximum likelihood estimator with penalty term proportional to — tr (R‘l),
with the corollary that the corresponding, ridge type estimator of a covariance matrix X, & + I,

involved a penalty proportional to — tr (Z‘l )

Other work considered shrinkage towards a more general structure. ScHAFER and STRIMMER
(2005) and Sancerta (2008) extended the approach of Leporr and Worr (2004) to different
target matrices of simple structure with few parameters to be estimated, e.g. a diagonal ma-
trix with different variances or a matrix with all correlations equal. Boum (2008) examined
estimators for multivariate time series and suggested data driven shrinkage towards a factor-
analytic structure. Shrinkage estimators of correlation matrices have been described by Lin and

PeErLMAN (1985), DanieLs and Kass (2001) and Warton (2008).

More than one matrix: Few studies have addressed improved estimation for multi-level mod-
els. The simplest case, with two matrices to be estimated, is a balanced one-way classification.
Let Xz and Xy denote the covariance matrices between and within groups, respectively, and B
and W denote the corresponding matrices of mean squares and cross-products (MSCP). Deriva-
tions of improved estimators by and large utilized the so-called canonical decomposition of B
and W: For any two symmetric (real) matrices, W and B, of size g X ¢ with W positive-definite
and B positive semi-definite (p.s.d.), there exists a matrix T such that TT” = W and TAT’ = B,

with A = Diag{A;} the diagonal matrix of eigenvalues of W™'B (ANDERsON, 1984).
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An immediate, additional problem then is to ensure that estimates are within the parameter
space, i.e. are not negative definite. Due to sampling variation, the usual unbiased estimator for
the between group component, £ = (B—W)/m (with m the group size), has a high probability,
increasing with g and decreasing sample size, of not being p.s.d., i.e. to have negative eigenval-
ues (HiL and THomPsoN, 1978; BHARGAvA and DiscH, 1982). Using the canonical transformation
yields £5 = (T(A =) T’) /m, and it is readily seen that £ is guaranteed to be non-negative
definite by truncating the elements of A at a minimum of unity, i.e. by replacing A with
A7 = Diag{ min(1, 4;) }. The resulting estimator is the restricted maximum likelihood (REML)
estimator (Krorz and PuTTeR, 1969; AMEMIYA, 1985; ANDERSON ef al., 1986). In a genetic con-
text where we estimate the matrix of environmental covariances as 3z = )i‘.W —(a - l)ﬁ‘.B (with
a~! the degree of relationship among group members), additional constraints may be required

to ensure that £ is within the parameter space (MEYER and KiRkpaTRICK, 2008).

As outlined above, Haves and HiL (1981) suggested to ‘bend’ the estimate of the genetic
covariance matrix, £; = aXp, towards the estimate of the phenotypic covariance matrix, £p =
25 + Ly, by regressing the eigenvalues of ﬁ;lﬁ‘.g to their mean. Their rationale for this was
somewhat ad hoc: )f.;,l)ic plays a central role in computing the weights in a selection index and
the main objective was to improve the properties of selection indexes based on the estimated
covariance matrices. Rather than manipulating the roots of ):“.;12(; directly though, Haves and
Hie (1981) modified W™'B, using that for 4; a root of WIB, a(l; - D/, =1 +n)is a
root of f‘.;lf‘.g. Their estimator for Xz was then obtained by replacing A above by A} =

Diag{ pA + (1 — p)A;) }, with A the mean of the A; and p € [0, 1] the bending factor.

Lon (1991), MatHEW et al. (1994), Srivastava and KuBokawa (1999) and KuBokawa and Tsar
(2006) considered estimation for two independent Wishart matrices, such as B and W in the
one-way classification. Minimizing the sum of entropy losses, they derived different types of
joint estimators, analogous to those proposed for a single matrix, and showed that improved
estimators were available which had lower risk than the unbiased or REML estimators. How-
ever, no practical applications using any of these results are available. Again, these estimators
involved some form of modification of the eigenvalues arising from the canonical decompo-
sition of the two matrices, indicating that the suggestion of Haves and HiLL (1981) was well

founded.
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Penalized maximum likelihood estimation

A standard method of regularization is that of penalized estimation, in particular for regression
problems. In a least squares or maximum likelihood (ML) context, this involves a penalty
which is added to the criterion to be minimized. The effect of the penalty is modified by a
so-called tuning parameter (/) which determines the relative importance of information from
the data and the desired outcome. For (RE)ML, this replaces the objective function log £(6)

with

1
log Lp(6) =log L(6) - VP (6)

where 6 is the vector of parameters to be estimated, log £ denotes the standard log likelihood,
and % is a (non-negative) penalty function (the factor Y2 is for algebraic consistency and could

be omitted).

Lety = Xb + e denote a simple regression model with y, b and e the vectors of observations,
regression coeflicients and residuals, respectively, and X the corresponding incidence matrix.

A class of penalties commonly employed is that of the £, norm

£y(b) = [Ibll, = > 1bi1"

with b; the i—th element of b. Different values of p are appropriate for different analyses.
For p = 0, the penalty is equal to the number of elements in b and may be employed in
model selection. A value of p = 1 yields a LASSO (least absolute shrinkage and selection
operator) type penalty which encourages shrinkage of small (absolute value) elements of b to
zero and thus subset selection (TiBsHIRANI, 1996). A quadratic penalty (p = 2) produces a ridge
regression formulation where all elements of b are shrunk proportionally (HoerL and KENNARD,
1970). Non-integer values for p have been suggested, e.g. the so-called "bridge’, attributed to
Frank and Friepman (1993), for values of 0 < p < 1. Other proposals have been to combine
{1 and ¢, type penalties to form the ‘elastic net’ (Zou and Hastig, 2005), or to account for the

correlation among predictors in the penalty term (Tutz and ULBricHT, 2009).

In a more general framework, we may assume a certain prior distribution for the parameters to

be estimated and impose a penalty which is proportional to minus the logarithmic value of the
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prior density. This provides a direct link to Bayesian estimation — indeed, penalized maximum
likelihood estimation has been described as “an attempt of enjoying the Bayesian fruits without
paying the B-club fee” (Mena, 2008). For instance, imposing an ¢; type penalty is equivalent

to assuming a double exponential prior distribution, while an ¢, penalty implies a normal prior.

Estimation of the tuning factor: A general procedure to estimate the tuning parameter  from
the data at hand is cross-validation. This involves splitting the data into so-called training and
validation sets. We then fit our model and estimate the parameters of interest for a range of
values of i, using the training set only. For each set of estimates, the value of the (unpenalized)
objective function, e.g. the likelihood or the residual sum of squares, is determined using the
validation set. The value of ¢ which optimizes this criterion is then chosen as the best value to

use for a penalized analysis of the complete data set.

In practice, multiple splits are used. A popular scheme is that of K—fold cross-validation (e.g.
HasTtik et al., 2001, Chapter 7) where the data is evenly split into K subsets, and K analyses
are carried out for each value of ¢, with the i—th subset treated as the validation set and the
remaining K — 1 subsets forming the training set. The tuning parameter is then chosen based
on the objective function averaged across the K validation sets. Common values of K used
are 5 or 10. A related technique is repeated random sub-sampling. For example, BickeL and
Levina (2008) employed a scheme using 50 ‘random splits’ of the data, with the training set

comprising a third of the data.

In special cases, ¢ can be estimated directly. An example is that of function estimation (smooth-
ing) using a semi-parametric regression or penalized splines with a quadratic penalty. In that
case, the regression can be rewritten as a mixed model with the penalized coefficients treated as
random effects and the tuning parameter can be estimated ‘automatically’ in a (RE)ML analysis
from the ratio of the residual variance and the variance due to random effects; see RUPPERT e al.
(2003, Chapter 5) for an example. Foster et al. (2009) showed that a LASSO type penalty on
effects can be imposed in a mixed model by treating these as random effects with a double ex-
ponential distribution, and that the respective variance parameters (which determine the amount

of penalization) can be estimated using a ML approach.

Applications to covariance matrices: Penalized ML estimation of covariance matrices has
predominantly been applied in the spirit of covariance selection (DeEmpsTER, 1972), i.e. to

encourage sparsity in the estimate of inverse of the covariance matrix (‘concentration’ ma-
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trix), and mostly for problems with high dimensions and some natural ordering of variables,
e.g. longitudinal data. This relied on the modified Cholesky decomposition ¥ = LDL’ or
¥-! = L'D'L, with L a lower triangular matrix with diagonal elements of unity and D a
diagonal matrix. For longitudinal data, the non-zero off-diagonal elements of L have an in-
terpretation as (minus) the regression coefficients in an auto-regressive model (POurRAHMADI,
1999) and can be penalized in the same fashion as coefficients in a simple regression context.
Applications using both £; and ¢, type penalties can be found in Huang et al. (2006), FRIEDMAN
et al. (2008), LEviNa et al. (2008), BickeL and LEviNa (2008), RotaMmAN et al. (2008) and Yap
et al. (2009). With a different objective, WarTon (2008) considered penalized ML estimation
of covariance and correlation matrices to obtain regularized estimates with a stable inverse for

use in multivariate regression problems.

PENALIZED REML ESTIMATION

Consider a simple ‘animal model’ for g traits, y = Xb + Zg + e with y, b, g and e the vectors of
observations, fixed effects, additive genetic and residual effects, respectively, and X and Z the
corresponding incidence matrices. Let X; and X denote the matrices of additive genetic and
residual covariances among the ¢ traits, and let Var(g) = X; ® A = G with A the numerator
relationship matrix between individuals and Var (e) = }; R, = R, with R; the sub-matrix of
Y ; corresponding to the traits recorded for the k—th individual and ‘Y,*’ is the direct matrix
sum. This gives Var(y) = ZGZ' + R = V and the REML log likelihood is, apart from a

constant,

1
log L(8) =~ (log [V] + log |X{ V™' Xo| + (y = Xb)' V™' (y — Xb)) 3)

with X a full-rank submatrix of X (e.g. HArvILLE, 1977).

Assuming X; and X are unstructured, we have g(g + 1) variance parameters to be estimated.
Maximization of (Eq. 3) with respect to the elements of X; and Xy represents a constrained
optimisation problem, as estimates need to be in the parameter space, i.e. cannot have negative
eigenvalues. Hence implementations of REML estimation often employ a parameterisation

to a scale which does not require constraints (PINHEIRO and Bates, 1996), e.g. estimating the

10
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elements of the Cholesky factor of a covariance matrix rather than the covariance components

directly.

A natural alternative in our context is a parameterisation to the elements of the canonical de-
composition of X and p = X + Zz: Let Q€5Q’ = A and QX,Q’ = I'so that for T = Q7'
TAT = X; and TT' = Xp. The elements of A are the eigenvalues of Y, 22,2,71? and
T is the corresponding matrix of eigenvectors pre-multiplied by the matrix square root of Xp.
This yields ¢ parameters 4; and g* elements (#;;) of T to be estimated. Eigenvalues A; can be
interpreted as heritabilities on the canonical scale and are thus constrained to the interval [0, 1].
Again, these constraints can be removed through a suitable further reparameterisation, e.g. by

estimating log(— log 4;) instead of A;.

Our review above has identified that modification of the canonical eigenvalues of the ‘between’
and ‘within’ matrices of MSCP in a one-way classification can provide ‘improved’ estimators
of the corresponding covariance matrices, and that manipulation of these eigenvalues is equiv-
alent to modifying the canonical eigenvalues of X; and Xp. Furthermore, we have shown that
regressing the eigenvalues of a matrix towards their mean yields a shrinkage estimator which
is a weighted combination of the matrix and a multiple of the identity matrix, and that such
estimators can be obtained by penalized maximum likelihood with an ¢, type penalty. Using
these findings, we propose to implement the equivalent to ‘bending” within our REML animal

model analysis by replacing log £ in (Eq. 3) by

1 ) . -\2
log Lp(0) =log LO)~ 5yP©®)  with P (6) = > (4-2) 4)
i=1
for A = (Z?Zl Ai) /q. This directly mimics the suggestion of Haves and HiL (1981) as the
quadratic penalty provides a linear shrinkage of all A; towards their mean. For ¢ = 0, log Lp
reduces to log £, and for ¢y — oo (Eq. 4) yields a model in which all A; are constrained to be

equal.

(Eq. 4) is readily extended to other types of penalties. For instance, rather than shrinking
towards the arithmetic mean A, we could use the geometric or harmonic mean (YE and WaANG,
2009). An analogue of the log-posterior shrinkage estimator of DanieLs and Kass (2001) could
be obtained by transforming eigenvalues 4; to logarithmic scale. More generally, the shrinkage

could be modified by applying a Box-Cox transformation, i.e. by replacing A; with (1] — 1)/y

11
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for y > 0 or log 4; for y = 0. Alternatively, we might consider replacing the exponent of p = 2

with a general value, or using a combination of penalties.

For the parameterisation to the elements of the canonical transformation, derivatives of # (6)
are straightforward, and standard REML algorithms, such expectation-maximisation or the so-
called average information algorithm (see THompsoN et al., 2005, for a recent review and
references), are readily adapted. Derivatives required are summarized in the Appendix. One
drawback of this parameterisation, however, is that (first) derivatives of both X; and X with
respect to all g(g + 1) parameters to be estimated are non-zero. This implies that computational

requirements per iterate are increased compared to the usual implementations.

SIMULATION

Method

A simulation study was carried out considering g = 5 traits, 11 sets of genetic parameters
and two types of penalties. Without loss of generality, population values chosen were different
combinations of canonical heritabilities (4;). As discussed by HiLL and THompsoN (1978), these
can represent a wide range of constellations of heritabilities and genetic and environmental
correlations. Population values selected differed in both the average level of heritability (1)
and the spread of the A; about their mean. Values for scenarios A to K are summarised in
Table 1. To understand the effects of the pedigree structure, two contrasting designs were
examined. Simulation I comprised a classic, balanced paternal half-sib design with 500, 200
or 100 sires with 10 progeny each. Simulation II considered 125 or 50 unrelated families, using
the design of Bonpari et al. (1978): Each family involved records on two pairs of full-sibs in
generation 1, with one male and one female per pair. In generation 2, two paternal half-sibs
of different sex were mated to unrelated individuals, recording two offspring per mating. This
yielded records for 8 individuals per family which provided nine different types of covariances

between relatives; see THompson (1976) for a mating plan and list of covariances.

Matrices of MSCP (B and W for simulation I, and the 40 X 40 matrix of MSCP pertaining to
records for a family in simulation II) for each design and set of population values were sam-

pled from central Wishart distributions as described by OpeLL and Ferveson (1966). Estimates

12
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of genetic and environmental covariance components were obtained using the canonical param-
eterisation as described above and a simple derivative-free optimisation procedure to locate the
maximum of the (penalized) likelihood function. Estimation constrained values of A; to the
range of 0.00001 to 0.99999. Quadratic penalties on the deviation of the canonical heritabilities
from their mean were imposed either on the eigenvalues directly or on values transformed to
logarithmic scale. A range of values for ¢ (0 to 1.8 in steps of 0.2, 2 to 4.5 in steps of 0.5,
5 to 99 in steps of 1, 100 to 248 in steps of 2, 250 to 495 in steps of 5 and 500 to 1000 in
steps of 10) were considered. To estimate the appropriate tuning parameter, an additional set of
100 matrices of MSCP were sampled for each replicate. The best value, i, was then chosen as
the value of ¢ for which the average (unpenalized) likelihood for the corresponding estimates
across these validation sets was maximised. A total of 10000 replicates were carried out for

each scenario examined.

As suggested by Lin and PErLMAN (1985), the effect of penalized estimation was then summa-

rized as percentage reduction in average loss (PRIAL), calculated as

100 [L; (25, £5) - L1 (20, 25)] /L (2x. £)

with ﬁlg)( the standard, unpenalized REML estimate and f‘.‘f( the penalized estimate, for X = G, E

and P and L,(-) the entropy loss as defined in (Eq. 1) averaged over replicates.

Results

The effect of sampling variation and penalization on estimates of canonical heritabilities is
illustrated in Figure 1 and Figure 2. As expected from theory (e.g. LawLEy, 1956), bias in
unpenalized estimates increased markedly with decreasing spread in the population values and
decreasing sample size. Patterns for both designs were similar. For scenarios with equal popu-
lation values (A and G), penalization dramatically reduced the bias in estimates with the small
remaining bias in the same direction as for unpenalized estimation. For the other cases pe-
nalization appeared to overcompensate somewhat, resulting in a bias in the opposite direction
for the extreme values (4; and As), i.e. yielded estimates of the largest values which were bi-
ased downwards and estimates of the smallest values which were biased upwards. Imposing a

penalty on the logarithmic scale tended to give estimates of 4; which were less biased than for
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penalization on the original scale but, in turn, yielded larger upward bias in estimates of As in
most cases. Over-shrinkage, in particular of the smallest eigenvalues, when population values
are far apart has been observed previously and has been attributed to the nature of the quadratic

penalty used (DaNieLs and Kass, 2001).

Penalization had very little effect on the estimates of eigenvectors, with only a slight increase
in the average angle between true and estimated vectors apparent. Hence, the reduction in risk
achieved, summarized in Table 1 and Table 2, is a direct reflection of the effects of penalties
on the estimates of the canonical heritabilities. Risks for £; were largest for scenarios with a
wide spread of roots. For reasonable sample sizes, penalized estimation reduced the average
loss in £ throughout, with reductions increasing as the spread in population values decreased.
Penalties on the logarithmic scale appeared most advantageous for scenarios with one large
eigenvalue and the remaining values close together (E, I and K). For constellations with a large
spread in A; (D and F) penalization increased the loss in £ in up to 25 of replicates; on average
though there was some reduction in risk throughout, except for a very small sample (50 families

or 400 records) together with a penalty on the logarithmic scale (case D).

For cases with the largest population value close to unity (F and K), penalized estimation in-
creased the average loss in £ while still reducing the loss in £5. This was associated with a
substantial proportion of replicates for which A, was close to unity, so that £; was almost p.s.d.
rather than firmly positive definite. Relatively small PRIALSs for £ for these scenarios also
reflected, in part at least, the effects of constraints on the parameter space which decreased the
scope for penalization to reduce risk. While constraints biased the average of A across repli-
cates only slightly (depending on the scenario, by less than 4% up- or downwards), effects for
individual replicates may have been larger, resulting in attempts to penalize deviations from a
less appropriate estimate of the mean than we may wish for. Additional simulations (not shown
here) yielded a higher PRIAL for cases D, F, I, J and K when replacing A (original scale) in

(Eq. 4) with the corresponding harmonic mean.

Again, the pattern of results for the two designs was comparable, suggesting that ‘bending’ is
just as effective in a complex pedigree than for the paternal half-sib design it was originally
suggested for. Values of PRIAL for the same sample size (100 sires and 125 families in simula-
tions I and II, respectively) were generally smaller for Bondari’s design. This was accompanied

by smaller values for L, (Zoc, EG), 1.e. with numerous covariances between relatives the same
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number of observations provided more information so that the effects of sampling variations

were less and penalized estimation had somewhat less impact.

APPLICATION

Application of the procedure suggested is illustrated with data for carcass measurements of
beef cattle. This is a typical example of traits considered in livestock improvement schemes
which are difficult and expensive to record but play a major role in breeding programmes. Data
were collected from abattoirs under a meat quality research project and have been analysed

previously; see REVERTER et al. (2000) for details.

A total of 6 traits recorded on 1796 animals were considered. All individuals had records for
traits 3 (rump fat depth) and 4 (carcass weight), and there were 1784, 1524, 1671 and 916
records for traits 5 (rib fat depth), 6 (eye muscle area), 2 (percentage intramuscular fat) and 1
(retail beef yield), respectively. Only 44% of individual had all 6 traits recorded. All records
were pre-adjusted for differences in age at slaughter or carcass weight as described in REVERTER
et al. (2000). Animals in the data were the progeny of 130 sires and 932 dams. No parents had
records themselves. Adding pedigree information yielded an additional 3105 animals to be

included, i.e. a total of 4901 in the analysis.

The model of analysis was a simple animal model, fitting animals’ additive genetic effects as
random effect. The only fixed effects fitted were those of ‘contemporary groups’ (CG) which
represented a combination of herd of origin, sex of animal, date of slaughter, abattoir, finishing
regime and target market subclasses, with up to 282 levels per trait. Estimates of genetic and
environmental covariance matrices were obtained by REML, using an ‘average information’
algorithm followed by derivative-free search to ensure the maximum of the likelihood had been
located with reasonable accuracy. Both a standard multivariate analysis and analyses imposing
a penalty on the squared deviation of the canonical heritabilities from their mean as described
above were carried out. The tuning parameter ¢ was estimated using 10—fold cross-validation.
To avoid problems arising from dividing small CG subclasses in this procedure, data were split
by assigning all animals in a CG (for trait 4) to a subset, processing CGs in order of size.
Initially values of ¥ = 0,1,2,...,20 and ¢ = 25, 30,..., 100 were considered, and, in a second

pass, all values between 20 and 35 in steps of 1 were evaluated.
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Results

Estimates of canonical heritabilities from a standard, unpenalized analysis together with their
approximate standard errors (derived from the inverse of the average information matrix at
convergence) were 0.89+0.14, 0.54 +0.10, 0.38 +£0.09, 0.24 +0.09, 0.14 +0.07 and 0.03 +0.05,
with a mean of 0.37. Conducting a simulation study, corresponding to simulation II above with
125 families, for 6 traits (measured on all individuals) with canonical heritabilities of 0.8, 0.5,
0.4, 0.3, 0.2 and 0.1 suggested that this was a scenario in which a penalty on the eigenvalues
would be preferable to a penalty on values transformed to logarithmic scale. For the simulation,
the average estimate of the tuning parameter was 34 with PRIAL of 19% for £ and of 39% for
;. respectively. In line with these results, cross-validation yielded an estimate for the tuning
parameter of ¥y = 30. Corresponding estimates of canonical heritabilities from the penalized
analysis were 0.69 + 0.11, 0.50 + 0.09, 0.38 + 0.08, 0.27 + 0.08, 0.17 + 0.07 and 0.05 + 0.05,
with a mean of 0.34. The likelihood for this set of estimates was reduced by 1.32 compared to
the value from the unpenalized analysis, i.e. penalization for such relatively mild penalty did
not decrease the likelihood significantly even though the estimate of A; was reduced by more

than 20%.

Resulting estimates of heritabilities (on the original scale) and correlations from the two anal-
yses are contrasted in Figure 3. On the whole, there was good agreement between analyses
with most penalized estimates well within the range of plus/minus one standard deviation from
their unpenalized counterparts. Penalization reduced the estimates of the higher heritabili-
ties and slightly increased the lowest value. In addition, it tended to reduce the magnitude
of higher (absolute value) estimates of genetic correlations somewhat. Reassuringly, changes
were largest for trait 1, the trait with the smallest number of records. In particular, an unusually
high estimate of the environmental correlation between traits 1 and 4 was reduced from 0.82 to

0.63.

DISCUSSION

Accurate multivariate estimation of genetic covariance matrices is a longstanding problem.
Mixed model based estimation, considering more than just a few traits and fitting the so-called

animal model to accommodate complex pedigrees has become feasible on a routine basis, both
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due to advancement in computing facilities and improvements in software available. However,
problems associated with substantial sampling variation, inherent in multivariate estimation
especially for relatively small data sets, remain. In particular, the fact that large eigenvalues
tend be biased upwards while small eigenvalues tend to be biased downwards is generally
given little consideration. Emphasis on unbiased estimation of breeding values has fostered
a corresponding preference for unbiased methods of estimation, often ignoring the fact that
standard methods such as REML are, by definition, biased as they require estimates to be
within the parameter space, i.e. constrain estimates of covariance matrices to be positive (semi-

) definite.

Our review has shown that trading additional bias against a lower statistical risk in the esti-
mation of covariance matrices is a well established practice. The literature available ranges
from theoretical studies, which predominantly are interested in establishing that certain classes
of ‘improved’ estimators dominate over others, to applications which demonstrate that using
‘regularized’ estimates of covariance matrices in regression problems, discriminant analyses or
portfolio estimation results in more reliable estimates or statistical test. In a quantitative genetic
context, an early form of regularization — though not labelled as such — has been suggested in
the form of ‘bending’ and has been shown to improve the achieved response to selection based
on indexes derived using regularized estimates of genetic covariance matrices (Haves and HiLt,

1981).

We propose to implement the equivalent to ‘bending’ in REML analyses fitting an animal model
by penalizing the corresponding log likelihood, with the penalty term proportional to the sum
of squared deviations of the canonical heritabilities from their mean. Our simulation results
demonstrate the statistical risks associated with standard REML estimates of covariance matri-
ces and show that these can be dramatically reduced using penalized estimation. On a relative
scale, penalization is most effective when the population eigenvalues are close together, which
is the scenario when sampling variances in estimates of eigenvalues are largest. However, mean
risks increase considerably as the true roots are spread further apart, so that a proportionally
much smaller reduction for these cases can still represent a substantial decrease in absolute

values.

Analyses examining the eigenvalues of estimated genetic covariance matrices usually show

that a substantial proportion of the total genetic variance is explained by the leading princi-
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pal components, with genetic eigenvalues declining in an approximately exponential fashion
(KirkpatrICcK, 2009). Corresponding canonical heritabilities have not been examined in a me-
thodical fashion. While the pattern in genetic eigenvalues does not imply that the eigenvalues
of X,'Xs follow suit, our applied example suggests that practical cases with a relatively large

spread may not be unusual.

Clearly, an alternative to penalized (RE)ML is Bayesian estimation where regularization is
implicit through the prior distributions specified. While such analyses have become a standard
in quantitative genetics, for estimation of variance components uninformative priors appear to
be used more often than not, i.e. “only lip service is paid to the Bayesian paradigm” (THomPsoN
et al., 2005). This demonstrates that specification of suitable prior distributions or of the
associated hyper-parameters is often not all that straightforward. Hence penalized REML may

provide an easier option in practice.

While penalized estimation is appealing, it can increase the computational requirements com-
pared to standard REML analyses by orders of magnitude. In particular, cross-validation to
estimate the tuning parameter can be laborious. An alternative may be to choose a mild penalty
on the basis of sample size, pedigree structure and spread in the unpenalized estimates of the
canonical heritabilities. Further work is required to see whether suitable rules of thumb can
be established. In addition, using the parameterisation to canonical heritabilities and the cor-
responding transformation matrix, computational requirements per iterate and the number of
iterates required to locate the maximum of the penalized likelihood function tend to be higher
than for standard REML. This is due to the fact that the covariance matrices, X; and Xg, are
‘less’ linear in the parameters to be estimated than, say, a parameterisation to the elements of
their Cholesky factors. Furthermore, derivatives with respect to all parameters to be estimated
are non-zero increasing the amount of effort needed to compute derivatives of log £ or log Lp.
However, additional computing may be a small price to pay to make the best possible use of

limited and precious data.
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APPENDIX

Let A;; represent a ¢ X g matrix with ij—th element of unity and zero otherwise. The non-zero
derivatives needed to adapt standard REML algorithm to the canonical parameterisation and

penalized estimation for £ = Y7 (1; — A)* are given in the following.

First derivatives

) )

—A = TA;T ——A = AAT + TAA,,

8/1,‘ 6t,-j /

—L = _TA, T LA I-ANT +TIA-A)A,
0A; ot;j i T +T( ) Y
oP _

6_/11' = 2 (/L - /l)

Second derivatives

Ly , , 07Xy , ,
atl-ja/lk = AijAkkT + TAkkA[j m = AijAAk[ + AklAAij
0L 0L
= — (A AT + TARAL, =A;T-ANA,+A,T-A)AL
9P 1 1 for i=j
LN = 2(5ij - —) with 5ij =
) 1 0 for i#j
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TaBLE 1. — Reduction in average loss (PRIAL, in %), for estimates of the genetic (X), error
(Xf) and phenotypic (Xp) covariance matrix together with mean entropy loss (x100) in un-
penalized REML estimates of X (L, ()f.g, ZG)) and the proportion of replicates (W, in %) for
which penalized estimation increased the loss in X, for different constellations (A.,...,K) of
population values (4;: canonical heritabilities) and penalties on the original (ORG) or logarith-
mic (LOG) scale; balanced paternal half-sib design with 500, 200 or 100 sires and 10 progeny
per sire.

Scale A B C D E F G H I J K

A4 040 050 0.60 070 0.80 090 020 030 0.60 0.50 0.90
A 040 045 050 055 030 050 020 025 0.10 0.20 0.30
A3 040 040 040 040 030 030 020 020 0.10 0.15 0.10
A 040 035 030 025 030 020 020 0.15 0.10 0.10 0.10
A 040 030 020 0.10 030 0.10 020 0.10 0.10 0.05 0.10

500 sires
L(£.%) 13 10 10 14 12 15 29 28 89 53 49
ORG X, 79 47 20 21 16 13 8 40 21 23 11
L, 8 51 30 28 40 35 72 36 19 16 40
Tp 8§ 5 2 2 0 0 2 1 10 0
W o 1 30 42 3 30 0 19 5 2 13
LOG X, 91 45 15 16 40 25 93 33 72 36 60
L, 8 52 26 12 38 7 77 35 19 17 18
Tp 8 5 2 1 1 0
w 0 2 4 47 1 43 0 35 1 46 7

200 sires
Li(£2.Z6) 31 27 27 39 32 41 114 79 291 102 144
ORG X; 91 68 36 31 38 20 9 62 26 24 9
r, 8 70 50 50 50 -35 76 53 31 25 -18
Tp 8§ 6 4 2 0 -1 2 2 0 0 -
W o 0 16 48 1 30 0 4 13 24 22
LOG %; 91 67 30 12 56 32 95 57 8 30 72
L, 8 70 49 34 56 -17 77 54 31 30 -4
Tp 8 6 4 2 1 o 2 2 1 1 0
w 0 0 30 6l 1 46 0 13 1 38 7

100 sires
Li(£2.Z) 72 60 60 68 83 75 466 146 473 156 218
ORG X; 93 8 54 25 65 22 9 69 29 26 6
L, 88 80 69 64 42 -198 76 63 45 41 -104
Tp 8§ 7 5 3 1 -1 2 2 1 I |
w o 0 5 47 0 32 0 1 14 19 34
LOG X, 93 79 49 2 72 31 98 68 8 25 68
L, 8 8 70 57 53 90 78 65 46 44 -0
Tp § 7 5 3 2 0 3
w 0O 0 14 64 0 42 0 4 1 35 6

\]
—
)
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o
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TaBLE 2. — Reduction in average loss (PRIAL, in %), for estimates of the genetic (Xg), er-
ror (Xg) and phenotypic (Xp) covariance matrix, together with mean entropy loss (x100) in
unpenalized REML estimates of 25 (L, ():“.Oc, EG)) and the proportion of replicates (W, in %)
for which penalized estimation increased the loss in X, for different constellations (A,. . .,K)
of population values (see Table 1) and penalties on the original (ORG) or logarithmic (LOG)
scale; Bondari’s design with 125 or 50 families

Scale A B C D E F G H I J K

125 families
Li(£2.Z6) 23 22 24 42 30 49 158 92 366 120 183
ORG X; 86 58 32 30 41 35 94 62 36 26 35
Ly 72 53 33 24 29 35 63 45 18 20 31
¥ 8 6 3 2 1 1 2 2 0 1 1
W 0 1 3 51 4 3 0 8 13 26 16
LOG X; 8 57 24 25 57 37 96 57 8 25 75
L; 74 54 30 12 28 9 65 46 18 21 8
8 6 3 1 2 1 3 2 1 1 1
W 0 3 4 54 3 4 0 17 2 4 7
50 families
Li(£2.Z6) 90 67 70 78 118 95 704 187 618 204 289
ORG X; 91 78 54 12 72 28 96 70 43 28 32
e 75 67 53 46 55 25 64 55 32 35 -49
2 9 7 5 3 2 1 2 2 1 1 1
W 0 0 17 5 2 3 0 2 13 23 21
LOG X; 92 78 45 -13 77 25 98 70 81 11 65
L; 76 68 53 36 52 -13 65 56 28 34 -4
X 8 7 5 3 4 2 3 2
W 0 1 20 66 3 4 0 4 2 46 9
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Ficure 1. — Mean estimates of canonical heritabilities, as deviation from population values

(in %) together with plus/minus one empirical standard deviations (vertical bars) for standard

REML analyses (gray), and penalties on eigenvalues on the original (red) and logarithmic (blue)
scale, for cases A, B and C and a paternal half-sib design with 500 or 200 sires.
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Ficure 2. — Mean estimates of canonical heritabilities, as deviation from population values
(in %) together with plus/minus one empirical standard deviations (vertical bars) for standard
REML analyses (gray), and penalties on eigenvalues on the original (red) and logarithmic (blue)
scale, for Bondari’s design with 125 families.
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FIGURE 3. — Estimates of genetic parameters (h?: heritability for trait i, r;;: correlation between
traits i and j) for beef cattle example from standard (black symbols) and penalized (light sym-
bols) analyses (e heritability, ¢ genetic correlation, ¥ environmental correlation; vertical bars
show range of one standard deviation either side of estimates from standard analyses)
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